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INTRODUCTION 
1.1. General 
Cylindrical shells are often used in modern architecture and 
industry for such purposes as roofs) storage tanks) and pressure vessels) 
to name a few. As a result) many studies have been made on the behavior 
of cylindrical shells under various types of loading and edge conditions 
• II til . t d . tl h uSlng. exac) approxlma e) an experlmen a met ods of analysis. 
In many instances) openings of varying types and sizes are re~uired 
in the shells. For example, openings might be needed for door hatches 
and windows in the roof of a structure. Cutouts in the fuselages of 
modern aircraft are necessary for doors) windows, and landing gears. 
Theoretical investigations have been performed and tests have been con-
ducted to determine the effect of holes cut in cylindrical shells. 
Bauer and Reiss(l)* used finite di.fferences to solve Donnell's e~uations 
for the displacements and stresses in a cylindrical shell with a 
rectangular hole cut in it. The edges of this hole were assumed to be 
simply-supported. Naghdi and Eringen(14) solved Donnell's e~uations for 
a cylindrical shell containing a circular cutout. Taylor and Waters(19) 
used a series of tests on pressure vessels to establish the stress 
relations existing about unreinforcedholes as well as holes reinforced 
by nozzles and other outlets. Vaynberg and Sinyavskiy(2l) use stress 
functions to solve for the forces and moments i.n- a circular cyli.ndrical 
shell containing rectangular holes when it is subjected to axial com-
pression. As is to be expected, it was found in the preceding analyses 
* Numbers in parentheses refer to entries in the Bibliography. 
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that the stresses near the holes are considerably larger than they would 
be if there were no holes in the shell, and that these stresses decay 
rapidly. For instance, in a cylindrical shell containing a circular 
hole, the edge effect drops considerably at points of the shell beyond 
one radius away from the edge of the hole. 
In order to reinforce the shell at the edges of the holes, edge 
beams around the holes or ring frames encircling the entire cylinder may 
be used. Henson(5) and ~off(6,9) conducted experimental analyses on 
thin walled cylinders containing rectangUlar holes and reinforced by 
(7 8 10 11) 
ring frames and longitudinal bars. Hoff '" also solved for the 
strains and stressep in these shells analytically. In Hoff's analyses, 
the skin.is assumed to transmit only in-plane shear stress while the 
reinforcement transmits moment and radial shear. 1i ttle, if any, 
research has been reported on cylindrical shells containing rectangular 
holes with stiffening solely around the edges, where the shell itself 
bears the moment. When cylindrical shells·are used as roof structures 
the latter case prevails. 
How:ever, research has been conducted on plates containi.ng holes 
wi th sti.ffened edges. . Prescott (15) studied the behavior of a square 
clamped plate wi.th a s quare hole in the middle, st iffened by rectangular 
beams 0 . He used an extension of Newmark's discrete point plate model to 
take into account the flexural and rotational stiffnesses of the edge 
beams. It seems) therefore, that a sLmilar extension of a cylindrical 
shell discrete model could be used to analyze the stresses in a 
cylindrical shell with edge beams around the holes. Schnobrich(18) 
developed a discrete model which could be used for this purpose. 
3 
l.~. Object and Scope 
It is the object of this study to develop a discrete model which 
can be used to solve for the displacements, forces and moments in an 
elastic cylindrical shell containing rectangular openings with stiffened 
edges. This model" which must simulate the behavior of the edge beams 
as well as the shell structure" is an extension of Schnobrich's 
cylindrical shell model. Numerical solutions are obtained for repre-
sentative problems to indicate the. behavior of the shell when the 
dimensions of the holes" sizes of edge beams" and types of loading are 
varied. The solutions are compared to existing solutions whenever 
possible. 
1.3. Nomenclature 
The symbols used in this study are defined when they first appear. 
For convenience they are summarized below: 
A 
x 
A 
Y 
b 
D 
E 
G 
h 
I 
x 
I 
Y 
:::; 
cross-sectional area of a longitudinal edge beam 
cross-sectional area of a transverse edge beam 
·.width of the rectangular edge beam 
Eli3 cos2 f3/2 
12(1-V2 ) 
stiffness of shell at an extensional node 
modulus of elasticity 
shear modulus of elasticity 
shell thickness 
moment of inertia about the s-axis of a longitudinal 
edge beam 
moment of inertia about the s-axis of a transverse edge beam 
J ~ polar moment of inertia of a longitudinal edge beam 
x 
J y 
k 
polar moment of inertia of a transverse edge beam 
stress concentration factor 
L ~ length of shell in x-direction 
Lh ~ length of rectangular hole in x-direction 
L 
x 
grid length in x-direction 
L ~ grid length in y-directton y 
M' 
x(JK) . 
~(JK) 
shell moment about y-axis at extensional node JK 
longitudinal edge beam moment about !;-axis at extensional 
node JK 
~ shell moment about ~-axis at extensional node JK 
transverse edge beam moment about !;-ax~s at extensional 
node JK 
Mxy(mn) ~ shell twisting moment at shear node mn 
4 
shell membrane force in x-direction at extensional node JK 
q 
R 
t 
T 
o 
T' 
X 
T' 
Y 
axial force in longitudinal edge beam at extensional node JK 
shell membrane force in y-direction at extensional node JK 
axial force in transverse edge beam at extensional node JK 
in-plane shear force at shear node mn 
uniform external load 
radius of shell 
height of rectangular edge beams 
axially compressive external load 
torsional moment in longitudinal edge beam 
torsional moment in transverse edge beam 
tangential displacement of point mK in x-direction 
V Jn tangential displacement of point In in y-direction 
radial displacement of point JK in z-direction 
X
mK ~ total external load in x-direction at point mK 
XI 
mK 
external load in x-direction on edge beam at point mK 
YJn ~ total external load in y-direction at point In 
Y' In 
f3 
.61 
external load in y-direction on edge beam at point In 
total external load in z-direction at node JK 
external load in z-direction on edge beam at node JK 
change in slope across extensional node 
angle between shell rib and horizontal plane at junction 
between shells 
internal work 
.6W ~ external work 
ex(mK) 
M 
e x(JK) 
e y(Jn) 
extensional strain in x-direction at extensional node JK 
extensional strain in y-direction at extensional node JK 
extensional strain in y-direction due to v displacement 
at extensional node JK 
extensional strain in y-direction due to w displacement 
at extensional node JK 
in-plane shear strain at shear node wn 
rotation of bar J-IK, JK in x-direction 
rotation of bar J-IK, JK in x-direction, relative to the 
angle of twist of the transverse edge.beam node JK 
~ angle of twist in x-direction of the transverse edge beam 
node JK 
rotation of bar JK-l, JK in y-direction 
5 
v 
6 
rotation of bar JK-l} JK in y-direction relative to the angle 
of twist of the longi.tudinal edge beam node JK 
angle of twist in y-direction of the longitudinal edge beam 
node JK 
curvature due to bending in x-direction at extensional 
node JK 
curvature due to bending in y-direction at extensional 
node JK 
Poisson's ratio 
extensional stress in x-direction at extensional node.JK 
stress due to bending in x-direction at the top surface 
of extensional node JK 
extensional stress in y-direction at extensional node JK 
~ ~ in-plane shear stress 
xy 
cP opening angle of shell 
CPh ~ opening angle of rectangular hole 
T 
Xx(JK) 
T 
Xy(JK) 
T 
Xxy(mn) 
flexural strain in x-direction at top of extensional node JK 
flexural strain in y-direction at top of extensional node JK 
twisting strain at shear node mn 
METHOD OF ANALYSIS 
2.1. Selection of the Model 
The derivation and solution of a set of differential equations 
which will satisfy the boundary conditions of a cylindrical shell con-
taining rectangular holes is quite difficult. Placing edge beams around 
the sides of the holes increases the complexity of the problem. In 
order to achieve a solution to this difficult problem and to describe 
the behavior of edge beams and re-entrant corners) an approximate 
numerical approach is necessary. 
The method of analys is presented in this study is based on a 
discrete point physical model of rigid bars and deformable nodes) which 
replaces the continuum of the shell. This model) developed by 
Schnobrich) (18) is adaptable to a number of boundary conditions) includ-
ing edge beams and re-entrant corners. A variety of loading combinations 
can be applied) and shells of variable thic~ess can be analyzed. 
Although Schnobrich T s model can be used to study elastic and plastic 
behavior) only elastic behavior will be considered in the following 
method of analysis. 
In the method under investigation) a set of simultaneous equations 
is developed for the unknown displacement components) the number of 
eq~ations depending on the number of grids in the network of bars and 
deformable nodes. For economy of time and greater statistical accuracy) 
a digital computer is used to generate and solve these equations. The 
computer program for this study is similar to that developed by 
Dr. Melin at the University of Illinois. It was programmed in such a 
-7-
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way that several loadings and boundary conditions could be investigated 
without extensive revision. 
2.2. Description of Model 
The discrete point model used in this study cousists of straight, 
weightless, rigid bars and deformable nodes arranged in a rectangular 
network as shown in Figure 1. The network is composed of two types of 
bar-joint combinations: .One combination is a primary network of bars 
which are fastened together by deformable, extensional nodes that are 
capable of transmitting extensional forces, moments, and normal shear 
forces in the longitudinal and transverse directions. The other combina-
tionf:is a system of bars, fastened to deformable shear nodes which 
transfer in-plane shear stress apd twisting moment. These secondary bars 
are connected to the midpoints of the bars of the primary system. In 
the primary system the rigid bars in the longitudinal direction are 
designated as stringers, and those in the transverse direction, as ribs. 
Because of the curvature of the shell surface in the transverse 
direction, the ribs form the chords of the arcs, which are bounded by 
the stringers. In his model, Schnobrich(18) used a two-layer framework 
of bars and joints in order that the nonlinear behavior of cylindrical 
shells could be studied. Since the author has restricted his study to 
linearly elastic behavior, a single layer system is used. 
In order for the model to be consistent with the shell, the 
stiffness characteristics of the deformable nodes should be the same as 
those of the actual shell segments. Therefore the extens ional stiff;.. ;,: 
nesses in a strip of shell having a length L , a width L and a 
x y 
9 
thickness h, are concentrated at the extensional nodes. In like 'manner, 
the shear stiffnesses are concentrated at the shear nodes. External 
loads are changed to point loads, which are defined asX, Y and Z in 
the longitudinal, tr~nsverse and radial directions respectively. These 
loads are applied at the points where the corresponding displacements 
are defined. The load contribution areas are shown in Figure 2. The 
stress-strain properties of the deformable nodes in the model are the 
same as thos~ in the actual shell~ Since only thin shells will be con-
sidered, the author assumes that the deformable nodes are in a plane 
state of stress; hence, th.e following stress-strain relations are 
observed: 
a 
x 
a y 
1" 
xy 
E 2 (E + VE ) 
I x y 
- v 
GE: 
'xy 
E 
E 
xy 
(2.1) 
where E is the modulus of elasticit~) V is Poisson's ratio, and G is 
the shear modulus of elasticity 1 
When rectangular holes are cut in the cylindrical shell and the 
shell is reinforced around the hole by edge beams, the model must be 
altered to accommodate the behavior of the edge beams. The description 
of the model for this case, as well as for other boundary conditions, 
is given in Chapter 3. 
10 
203. Coordinate System 
To identify points on the model, a numbering system is used as 
illustra ted on the plane view of the model in Figure 2 . Capital ·letters 
are used to designate the grid lines of the primary system,and,numbers 
are used for the grid lines of the secondary system. To define a 
general point on the grid, two sets of letters are used. The upper 
case letters J and K are used in the primary system to designate grid 
lines perpendicular to the x- and y-coordinates respectively, while in 
the secondary system, the lower case letters m and n are used. 
Because of the curvature of a cylindrical shell, it is convenient 
to use a triad of orthogonal coordinates directed so that they form 
the tangents and normal at each point of the network. The x-axis, in 
the longitudinal direction, and the y-axis, in the transverse or 
circumferential direction, have the same directions as the lines of 
principal c~rvature. The z-axis has a positive direction pointing 
inward. See Figure 3. When the origin of the coordinate system is 
placed at location In, the orthogonal triad is designated (x T J YJ ' un n 
zJn)' The y~axis is directed along the center line of the rib, the 
x-axis is directed along the longitudinal bar of tne secondary frame-
work, and the z-axis is perpendicular to the xy plane. When moving 
the origin from location 3n to the node JK, the triad (xJ ' y-- , zJ ) n In n 
is rotated about the x-axis through an angle of f)/,2 to give the 
orientation of (xJK, YJK' zJK)· The y-axis now lies in the plane 
tangent to the shell surface. The orientation of the orthogonal system 
at location mK is the same as that of the coordinate system at JK. 
11 
2.4. Displacements 
The displacement components of the shell are defined as follows 
(Fig. 3): 
a. The "Ull displacements are defined at the midpoints of 
the longitudinal bars in the primary framework and are 
directed along the axes of these bars in the xmK 
.. dire ct ion. 
b. The "v" displacements are defined at the midpoints of the 
transverse bars and are directed along the axes of these 
bars in the YJn direction. 
c. The "wI! displacements are defined at the extensional 
nodes and are directed in the zJK direction. 
Since the u, v, and w displacements are components of the total dis-
placement of a point, the proper combination of these components is 
needed to define the total displacement of the point. 
2.5. Strain-Displacement Relations 
The extensional. strains caused by forces and moments in the shell 
are defined at the extensional nodes: the shear strains caused by in-
plane shear and twisting moment are defined at the shear nodes. Because 
the normal shear deformations are small, they are disregarded. The 
strains for typical interior nodal points are as outlined below. 
The extensional strain in the x-direction results from the u dis-
placements. The relationship of the strain to the displacement is 
(2.2) 
12 
In the y-direction, both v apd w displacements contribute to the 
extensional strain. That part of the strain resulting from v displace-
ments (Fig. 4) is, 
1 
L cos y 
That part of the str~in caused by the w displacement (Fig. 5) is, 
(2.4) 
Adding Eqs~ (2.3) and (2.4) gives the total extensional strain in the 
y~direction, which may be e~pressed in the following manner: 
The in-plane shear strain at point mn is given as 
(2.6) 
The components of the w displacement which affect the extensional strain 
in the x-direction, Eq. (2,~), and the in-plane shear strain, Eq. (2.6), 
are of higher order thl;:l.n the u and v displacement contr'ibUtions .,' . 
Therefore they are not taken into consideration. If the grid lines 
were not along lines of principal curvature, these components of w 
would have to be taken into account. The strains given above are 
average strains through the thickness of the shell. 
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When bending and twisting occur in. the shell, the strains at the 
deformable nodes are no longer constant through the thickness of the 
shell. In order to determine the variation of the extensional strains 
anq shear str~ins through the thickness, the rotations of the rigid bars 
must be defined ;in terms of the d.isplacements. The effect of the rigid 
bar +ot&tions upon the strains is tantamount to the Kirchhoff-Love 
assu,mption of normals remaining nomal. The rotation of the stringer 
located between nodes J-1K and JK in the x-direction is 
The curvature at joint JK d.ue to bending in the x-direction is thus 
1 
- (w .,. 2wJK + WJ - IK) L2 J+IK 
x 
the rotation of th~ rib located between nodes JK-l ap,dJK ;in the 
y-direction (Fig. 6) is 
e y(Jn) L 
Y 
cos ~ 
2 
(2.8) 
The curvature at joint JK caused by bending in the y-direction is 
(2.10) 
The expressi()ns for the rotations and curvatures of other rigid bars can 
be obtained by the proper substitution of the subscripts. 
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The flexural strain on the upper surface of the node JK in the 
x-direction (Fig. 7) ip 
Subst~tution for ex(m+1K) and ex(mK) gives 
h cos ~ 
212 2 (wJ +1K - 2wJK + WJ - 1K) 
x 
(2.12) 
Similarly, the flexural st~ain at the tap of the node in the y~direction 
is 
T 
Xy(JK) 
which" on substi.tution ot the displacement components becomes 
The twisting strain at the sh~ar joint mn is ca~sed by the rotations of 
the four T~gid bars in tbe pri~ary framework surrounding ron and can be 
expressed as, 
By substituting the values of the rotations into Eq. (2.15) the follow-
ing expression resu~ts: 
T 
Xxy(mn) 
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(2.16) 
In all of the above cases) the flexural strain on the lower surface of 
the node is the negative of the strain on the upper surface. 
2.6. Force-Displacement Relations 
Because of the character~stics of the deformable nodes) the forces 
and bending moments in the shell are defined at the extensional nodes, 
and the in-plane shear forces and twisting moments are defined at the 
shear nodes. The positive sense of the forces and moments are shown 
in Figure 1. 
Using ,the stress-strain relations given in Eq. (2.1), the total 
force in the x-direction at joint JK is 
On substitution of the strains in Eqs. (2.2) and (2.5), the following 
relation is obtained: 
EhL r~ -,-N = '.-1 (u lK-~) + V (v -v) V (w JK) I x(JK) -I-V 2 LX m+- - - L ~ In+l In ~ cos R cos - 1 y 2 2 
(2.18) 
Siwilarly, 
Ny(JK) = :~ 1y ~QS ~ (''In+l-''Jn) - R c~s .~ (wJK) + ( (Um+1K-'1nK)] 
(2.19) 
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The shear forces derived in a similar fashion using Eqo (206) are 
EhL [~ 1 v J -In)l y (UmK-~K-l) N xy(mn) = 2(1+v) + L (VJn x (2.20) 
EhL [~ 1 1 x (umK .... umK_l) (v ' N yx(mn) 2(1+v) +- -.V. ) I L In , J7"ln J x (2.21) 
The bending moments are obtained by taking moments about the mid-
depth of the deformable node. In the x-direction the total moment at 
JK is given by 
(2.22) 
where cr~(JK) is the stress in the upper surface of the node resulting 
from bending. It is defined by 
bT E T T 
ax(JK) = -. -2 (Xx(JK) + VXY(JK)) 
I-v 
When Eqs. (2.12) and (2014) are used) the moment becomes 
v cos Q 1 
+ L2 2 (WJK+l-2wJK+WJK_l)! 
y 1 
In like manner) 
(2024) 
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(2.25) 
Identical expressions for Mx(JK) and My(JK) can be obtained by using 
the s~allow shell equations 
and (2.26) 
where 
and Kx(JK) and Ky(JK) are defined in Eqs. (208) and (2.10). 
The relation for the twisting moment is given as follows: 
Equation (2.27) becomes 
M 
xy(mn) 12(1+V) 
1 _~ (vJn-vJ_ln) + ~ (wJK - wJ -1K 
2 LxLy cos 2" 
- wJK_1 + WJ -1K-1 )1 (2.28) 
....J 
T 
when Eq. (2.16) is substituted for Xxy(mn)° Similarly, 
M yx(mn) 
The preceding relations give the total concentrated forces and 
moments acting on the deformpble nodes. These may be converted to 
18 
distributed forces and moments by dividing by L or L as appropriate. 
x y 
2.7. Equilibrium Equations 
The equilibrium equations which govern the behavior of the model 
are established by the principle of virtual displacements. By this 
principle, the total work done by the internal forces plus that done by 
the external forces is equal to zero for any arbitrary virtual 
displacement. 
To generate the equilibrium equation in the x-direction, the joint 
mK is given a virtual displacement .6.~K while keeping all other dis-
placements fixed .. The internal work is equal to the negative of the 
strain energy produced by changes in the extension) bending, shear, and 
twisting of the deformable nodes. Therefore) .. if /\T represents the 
change in internal work due to the virtual displacement, 
where Nand M represent the forces and moments, and .6.E and.6.8 represent 
the strains and rotations resulting from the virtual displacements. 
The internal work generated by the virtual displacement of 6U
mK is 
given by 
M 
u 
... N ( ) 6E (- - ) L - N (. 1) 6E ( 1) L yx mn xy mn y yx mn+ xy mn+. y 
where the strain increments are found from Eqs. (2.2) and (2.6) 
1 
:::: - ...-- 6u L mK y 
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Replacing the forces and strain increments by their proper values gives 
EhL 
-. y 
6Iu :::: -~2 
1-:0 V 
+ vJ -In) - v i3 (w JK-w J _IK)]6UmK + EhL~ (I;V) I=}; ('\nK+I R cos - I-v . Y 2 
- 2umK+'\nK-I) + ~ (VJn+I-VJ-In+I-VJn+VJ_In)} 6umK 
The virtual work caused by the external force X
mK applied at joint mK 
is 
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Equating the total work to zero yields the equilibrium equation in the 
x-direction as 
( l-V v ) (. ) + -2- + ---co - V -v -v +v ~ In+l In J-ln+l J-ln 
cos '2 -
In order to obtain the equilibrium equation in the y-direction, 
the joint In is given a virtual displacement ~vJn. The internal work 
is expressed by 
M 
v - NY(JK)6-EY(JK)Ly - Ny(JK_l)~Ey(JK_l)Ly - MY(JK)~eY(JK) 
- My (JK-l)( -~ey(Jn)) - Nxy(mn)~Exy(mn)Lx 
-N ( )~E ( )1 M ) ( ~e ) xy m+ln xy m+ln x - ·xy(mn - y(Jn) 
- -M ( )~e ( ) xy m+ln y In 
The external work is 
~w 
v 
Setting the sum of Eqs. (2.36) and (2.37) equal to zero, the 
y-equilibrium equation is 
( 
h~ 
+ 12RL~ (WJK+1 - 3WJK + 3WJK_1 - wJK- 2 ) 
y 
o 
Finally, by giving joint JK a virtual displacement 6wJK in the 
radial direction and by developing expressions for the internal and 
21 
external work in the same manner as is shown above, the z-e~uilibrium 
e~uation is 
VL L h2L 
.....----,,-Y----,- (u u) x ( v-V ) +. x (v - 3v 
R ~ m+1K- mK - cos2 ~ In+l In 12RL2 In+2 In+l 
cos 2" R 2 Y 
( f3 l-V,( V cos 2" + . 2 ~) v J+ln+1-2v In+l +vJ'-ln+l 
cos 2" 
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The equilibrium Eqs. (2.35), (2.38) and (2.39) are diagrammed in 
Appendix A in finite difference patterns. These equations are mathe-
matically consistent with Timoshenko's(20) cylindrical shell equations 
when his are written in finite difference form. 
By formulating an equilibrium equation for each grid point in the 
model, a set of linear algebraic simultaneous equations is produced in 
terms of the displacements u, v and w. The solution of this set of 
equations determines the displacements for particular loading and 
boundary conditions. The forces, moments and shears in the shell can 
then be computed by the substitution of these displacements into the 
equations given in Section 2.6. 
BOUNDARY CONDITIONS 
3.1. Genera}, 
As was mentioned in Section 2.1, one of the reasons for using 
Schnobrich's model is that it is adaptable to a number of boundary 
conditions, including edge beams andre~entrant corners. The method 
used to g~nerate the equilib;riumequations at points affected by the 
boundaries is epsentiallythe same as the procedure described in 
Chapter 2 for the derivation of equations at interior points; that is, 
the internal and external virtual works at a joint are totaled and set 
equal to zero. Appendix A contains the patterns for the equilibrium 
equations at points near the boundaries, and the derivations of these 
equations are outlined in this chapter. Because of the lack of 
previous work on the subject, the formulation of the equations near the 
edge beams is presented in greater detail than at other boundaries. 
The equations for free, simply-supported, and fixed edges have been 
derived in Ref. 18. 
3.2 .. Basic Considerations for Edg~Beams 
fl c; ~ 
;prescott\-'-// reports the concepts invo:rved in deriving finite 
difference operators for edge beams and re-entrant corners on flat 
plates. In deriving his equations) he takes into account the internal 
torsional and vertical bending moments which act in the edge beams. 
However, for beams on the edge of a cylindrical shell, axial forces 
must also be taken into account since there is considerable in-plane 
deformation. The bending moments which are caused,by the movement of 
the edgebea,ms in the shell tangent plane B:re not considered. 
The shell-beam model used in this study is shown in Figures 8 
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and 9. ,Two tYPt;S of edge beams are cons idered: . those wl;!.ich are 
directedlongi tudinally and those which are direct'ed transversely. In 
each case, the middle surface of the shell passes throiJ.gh the centroid 
of the' beam; ,that is,the ~-axis of the edge beam lies in the tangent 
plane of the shell and the Tj-axis is directed radially. The edge beams' 
are· represented by' weightless,. rigid bars , with springs wrapped around 
them to resist ·internal torsion. These bars are connected by, elastic 
joints. which are capable of transmitting a:x.;ial forces, bending 
moments, torsion~l moments, and,normal ~hear forces. As is shown in 
. Figure 8, the . loads (X~r., yl, 2') which act on the edge beams are con-
centrated at the u, v, and w displacement points respectively .. The 
total external loads (X, Y,Z) are the' sums of the loads on the shell 
and the loads on the edge beam,s .. The shear deforma.tions in the' edge 
beams ~re considered negligible· in the derivation of the equilibrium 
equations, as was previously explained for the shell in Chapter 2 .. For 
convenience, edge:bearns of rectangulE!-;r cross-section B:re shown in the 
figures although the tb,eory presented .in this ch~pterholds true for 
other shapes as well (e.g., I-beams, channels). Because the edge beams' 
in the·longitudinal direction are straight, and those in the transverse 
direction are cu;:rved, they 8,;re treated in separate sections of this 
chapter. 
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i 
I 
I 
3.3. Long~tudinal'Edge'Beam 
I 
The p.eforrnations that occur in the beam and in the shell must be i . 
i 
compatiblei at their junction. Thus the following conditions exist at 
the junctiion between the longitudinal edge beam and the shell: (16) 
i 
U i (beiam) 
! 
v ! (be,am) 
I 
w ' (be~m) 
I 
ey(b:eam) 
I 
v (shel~) 
ey(shell) 
The first land the third of these conditions can also be written in 
I 
terms of. s!trains and cu;rvatures as follows: 
€x(~eam) 
I 
Kx(~eam) 
I 
€x(shell) 
K 
x(shell) 
The fourt~ condition given in.Eq. (3.1) can be written as a moment 
I ) 
equilibritim equation for the beam. in the following manner': ( 4 
I 
M y 
where M y 
[= 
'i 
i 
I jis 
I 
dT T 
X 
dx 
the moment in the shell and T' is the torsional moment in 
x 
the beam. l.~he equilibritm1 equations for points on or near the boundary 
i 
are formulated such that each of the above conditions is satisfied. 
! 
i 
An ~nlarged view of atypical joint in a longitudinal edge beam 
I 
is shown ~n Figure 9. The positive directions for the moments and 
forces acting on the edge beam are also shown in this figure. In the 
I 
subsequent paragraphs equations are derived for these moments and 
I 
forces, and a sample equilibrium equation. is ~,ri tten. The following 
symbols are used to designate the cross-sectional properties of the 
longitudinal edge beam: 
A = cross -sectional area of an edge beam ' 
x 
I = bending moment of inertia about the ~ -axis 
'x 
J = polar moment of inertia 
x 
. The edge peams in this study were selected to have their 
principal bending stiffness about the ~-axis and only a neglibible 
stiffness about the Tl-axis. There is) therefore, relatively little 
restraint in the y-direction at the intersection of the longitudinal 
edge beam and the shell. ThusN is considered negligible along this y 
junction. From the stress,-strain relations given in Eq. (2.1), it 
can be shown that for NY(JK) = 0, EY(JK) = -VEx(JK)" Substitution of 
this value for Ey(JK) into·Eq. (2.17) gives the N
x 
force in the shell 
at the sheil-beam junction as 
EhL y 
2 2(1-v ) (3.4) 
This N force acts on a strip of shell which has tJie width L~j2. Using 
x ~ 
the definition of Ex(JK) given .tn Eq. (2.2), Eq. (3.4) becomes 
As required for compatibility the values of Ex(JK) must be the same for 
the edge beam and the shellj consequently, the axial force in the edge 
beam) N') is expressed as follows: 
x 
EA 
N~(JK) = L~ (~+lK - umK) 
x 
The edge beam moment caused by bending about the s-axis is d~fined;by 
the moment-curvature relation 
Since Kx(JK) of the edge beam must be the same as that for the shell 
(ECl. 2.8)) the edge bea1;Ilrnoment in ECl~' (3.7) can be expressed as: 
~EI 
M~(JK) = L2X (WJ+1K -2wJK + WJ _1K) 
x 
The edge be~mmoment which is induced by the bending of the beam 
about the ~-axis is not taken into consideration in the equilibrium 
eCluations pre$entedin this study because it is assumed that the beam 
provides little· resistance as was stated. earlier. If such a moment 
were taken into account) a ,linear variation in stress would be developed 
about the ~-axis. In order to satisfy the compatibility of the E 
x 
strain in the beam being equal to the E strain in the shell at the 
x 
shell-beam junction, the equality of the ·u displacements is no longer 
valid. Special operators must therefore be developed. Another reason 
for not inclu,ding the moment about the ~.-axis in the eCluilibrium 
eCluations is that it would be inconsistent w;ith the assumption that 
the Nforce at the shell-beam junction is zero) for N ·is the force y y 
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that causes the beam to bend about theTJ-axis. To justify the deletion 
of this moment from the equilibrium eCluations, two sample shells were 
analyzed (Shell~]~I - case 4 and Shell VII - case 4, Table 3) using 
equilibrium equations which contained terms resulting from bending 
about the Tl-axis. It was found that by, not taking the transverse moment 
into account, the largest error in the 'numerical values of the dis-
placements, forces, and moments was 3%. Atmo:st of the ,points on the 
shell, the error was less than 1%. Therefore,for narrow edge beams 
1 (bit ~ 2' where b is the same order 'of magnitude as h,Fig. 11), the 
transverse moment can be considered negligible. 
The, torsional moment in the longitudinal beam and the M'moment y-
in the shell are caused by the ,rotation of the beam about the x-axis. 
As is stated inEq. (3.1), this rotation is eClu~l to the rotation of 
the shell at the shell .... beamjunction. Thus the joint shown in Figure 9 
rotates as a unit. ,Rotations of the shell and beam are shown in 
Figure ,10. Animagit:lary point, JK+l, 'is used in the defin.ition of the 
angle of twist in the beam; e~(JK)' and the displacement of this point 
,* in the radial direction is deSignated wJK+l . The shell rib between 
joints JK-l and JK rotates through an angle of BY(Jn)' which is 
defined in Eq. (2·9)· ,The difference between BY(Jn) and B~(JK) is the 
angle through which the shell rib rotates relative to the beam. This 
M 
angle difference is designated as BY(JK) and is used in the definition 
of M in the shell at the junction. ,In Figure 10, the angle of twist y 
in the beam is shown to be 
(wjK+l - wJK- l ) cos ~ 
2L cos.@. 
'y 2 
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Using .Eq. (2.9)) e~(fJK) is expressed as follows: 
VJjn 
R cos ~ 2L ~os Q [W;K+l cos f3 - 2w JK + W JK-l (2-cos (3)] y 2 
The curvature in the y-direction is therefore 
r2V In 1 
(3t~-L L cos - y y 2 
1 
+ wJK- l (2 - cos (3)]} 
The expressiops for the moments Mx(JK) and My(JK) at the shell-
beam junction are found by substituting the values of the curvature) 
givenbyE~s. (3.11) and (2.8), intoE~s. (2.26). Realizing that the 
moment in thex ... direction acts on half a grid length, the moment 
equations become: 
2V cos .§. 
2 
LR 
Y 
(VJn ) 
The torsional moment acting.in the edge beam between joints J-lK and 
. JK . is defined at point mK as follows: 
-GJ 
T' x (aT aT ) 
x (mK) :::;: -1- y(JK) ~ y(J-lK) 
x 
Using ,the notation of Eq. (3.9) for the angle of twist, Eq., (3.13) 
becomes 
(3.14) 
The equilibrium equations at points on or near the edge beam are 
developed in the same manner as was shown.in Chapter 2. For instance, 
if joint In,half a grid length from the edge beam (Fig. 9), is given 
a virtual displacement .6vJn , the internal work of the system is: 
.AI 
v 
The external work of the system is 
By substituting the appropriate force-displacement relations in 
Eq. (3.15) and setting the swn of Eqs. (3.15) and (3.16) to zero, .the 
resulting equilibrium equation in the y,-directionone-half space from 
the longitudinal edge beam is 
L (l-V) y 
+ 2L 
x 
L h2 
---X-2- A (vJn-vJn-l) + l2RL L cos ~ x y 2 
h 2L 
+ W J -lK-wJ+1K-l +2w JK-l-wJ -lK-l) + l~ 2 [W;+l cosi3-3w JK 
y 
( ) ]
- Lx ( ) l-v 2 -
+ wJK_1 4-cost3 -wJK- 2 + 2 ~ wJK- 1 + ~ YJn 0 
. R cos 2 
The equilibrium equ,ations at points mK, JK, and JK-l are likewise 
influenced by the longitudinal edge beam and are derived in the same 
manner as above .. Sa.mple equations are diagrammed in Appendix Ao 
·Each.imaginary node along the grid line parallel to the beam 
requires· an additioD(3.l equation. This additional equation is derived 
by expressing t4e equilibrium of moments about the axis of the edge 
beam at joint JK (Fig. 9). ,Thus, 
'I' I ( ) -T' ( ) -M ( ) x m+1K x mK y JK o 
This is the difference equation equivalent to Eg. (3.3). By substitu.t-
ingEqs 0 (3.12) and (3.15) into Ego (3.18), the following eguationis: 
developed: 
32· 
h 21 cos -213 { 2v 
x .- In 1 [* J 
--1-2-""":--' - L R +"2 w JK+l cosf3 - 2w JK + w JK-l (2-cost3) 
y L . 
Y 
( * * wJ+IK+l-2wJK+l 
o 
Equation (3.19) must be applied at every imaginary. point along the 
longitudinal edge beam (except near the corner at a point such as JK+l 
shown in Figure .14) to provide the necessary additional equations 
needed to determine the imaginary displacements outside of the shell. 
3.4. ,Transverse Edge Beam 
The method of derivation used in finding the forces, moments and 
equilibrium equations at points on or near to a transverse edge beam 
is much the same as that used for a longitudinal edge beam. Figure 11 
shows an enlarged view of a typical joint on the transverse beam. 
The' symbols A , I , and J represent the cross-sectional area, bending y y y 
moment of inertia, and polar moment of inertia, respectively, for the 
beam . 
. In view of the fact that there is little restraint in the 
x-direction at the shell-beam junction, N is considered negligible. 
x 
·Since the.re is no restraint in the x-direction, the Poisson effect is 
zero. The N force .in the shell at this junction is therefore defined y 
in terms of E only. and is given as y 
33' 
EhL 1 1 x 
= -2- (v -v.)-t3 In+l In k (W JK) 1 .Ny(JK) ~ cos "2 R cos 2 (3.20) 
The axial force in the edge beam is: 
. N~ (JK) =EAy 
The moment Ml in the edge beam is defined as y 
where Ky(JK) is given in·Eq. (2.10). The coefficient cos 2 t3/2) 
included in the defi.nition of the stiffness of tJ:ie edge beam in the 
preceding equation, is a result of the curvature of the edge beam . 
. Thus) 
M~(JK) 
cos ~ 
2 
(w JK+l-2w JK+w JK-l) 1 
(3023) 
The moment caused by the bending of the edge beam about the 
radial 'Il-axis is not considered in this study for the reasons given 
in Section 3.3. 
Expressions for the rotations of the shell and edge beam about 
the YJK-axis are necessary for the definition of the moments M
x
) My 
and the torsional moment T~ ~t the shell-beam junction~As shown in 
Fig. 12 the total rotation of the shell stringer between joints J-lK 
and JK is defined as B~(mK) and is given in EQ. (2.7). The angle of 
twist about the yJK-axis at the joint JK is 
* w;J"+lE: - w J -lK 
2L 
x. 
where wj+~K is an imaginary displacement. Rotation of the stringer 
relative to the twist ot' the joint JK is related to the di.splacements 
by 
e eT ;::= x(mK) - x(JK) 
* wJ+IK-2wJK+wJ-IK 
2L 
. x 
Thus the curvature in the shell caused by bending in the x-direction 
is expressible as 
3.4 
The moments Mx and My at the shell-beam junction are found by 
using Eqs. (2.26) with the curvatures given by Eqs. (3.26) and (2.10). 
Only half a grid length, Lx/2, is concentrated at a node on this 
junction; consequently, the moment relations become: 
35 
The equation for the torsional moment in the transverse edge beam 
is dependent on the rotation of the edge beam about the YJn-axis. As 
shown in Figure 13} this rotation is 8~(JK) cos ~/2. The torsional 
moment acting on the edge beam between joints JK-l and JK is therefore 
T ' GJy I T 'J:1 " ) ~ y(Jn) ~ ~ \8x (JK) - 8x (JK-l) cos 2 y 
Thus, with the substitution of Eq. (3.24) into Eq. (3.29)} 
T' ~ y(Jn) 
The equilibrium equations at points mK} In} JK, and J-1K are 
influenced by the edge beam and are derived in the same manner as was 
shown in Chapter 2. Sample equations are shown in diagrammatic form 
in Appendix A. 
As was the c~se for the longitudinal edge beam} an additional 
equation for the transverse edge beam must be developed for the 
imaginary displacement w;+lK' This additional relationship is found 
by summing moments about the yJK-axis (Fig. 11). Thus} 
Using the moment relations given by ECls. (3.27) and (3~30), ECl· (3.31) 
becomes 
o 
This eCluation should be applied .at eVery. imaginary point along the 
transverse edge beam except near the corner such as point J+IK 
(Fig. 14). 
3.5. Re-entrant Corner 
The equations derived in Sections 3.3 and 3.4 for forces, 
moments and equilibrium at points on or near to edge beams are no 
longer valid when a longitudinal edge beam and a transverse edge beam 
intersect to form a re-entrant corner. The reason for the inability 
of the equations to handle this. case is that the effective areas and 
stiffnesses on opposite sides of the extensional node at the corner 
of the hole are not identical (Fig. 14). For example, the positive 
face of the node perpendicular to the y~direction has an effective 
area of (!2.hL + A ), while the effective area of the negative face 
. x y 
is hL .. But the total concentrated in-plane force on the positive 
x 
face is equal to that on the negative face. It follows that the 
average stresses on the positive and negative faces differ. Therefore 
the extensional strains on opposite faces differ from each other as 
well. The same type of reasoning can be used to show that the curvatures 
on-opposite faces of the node are also not equal. 
In order to compensate for the changes in strain and curvature 
across the node, the node is divided into four sections, as is shown 
in Figure 14. The nodal forces and moments acting on each section are 
also shown in Fig. 14. The strains and curvatures on opposite sides 
of the node are designated by using the numerals 1 and 2 as subscripts. 
In order to define the strains on the node at the re-entrant 
corner it is necessary to include imaginary displacements at points 
mK, m+1K, In and In+l. Then the strain-displacement relations, 
Eqs. (2.2) and (2.5), can be expressed by the following relations! 
1 
* 
L (u -u) m+1K mK 
x 
1 ( * ) 'wJK l? v -v .-L In+l In R cos ~ cos 
Y 2 
1 
* 
wJK (3·33) ~ (v -v) - cos .§. In+l In L cos R y 2 2 
where imaginary displacements are designated by asterickso The 
average strains at the re-entrant corner are given by 
and 
In the x-direction) the sum of the differential displacements on the 
negative and positive sides of the joint JK is equal to the total 
differential displacement in the x-direction. That is) 
L L 
(: 2X) + Ex2 (JK) (' 2x~, L Exl(JK) ::; Ex(JK) x 
Substitution of E~s. (3.33) and 3.34) into E~. (3.35) gives 
* * ( um+ lK-~K) + (um+ lK-~K) ::; 2 (um+ lK-umK) 
Therefore) 
* * umK ::; ~+lK - um+lK + umK 
Similarly) 
* * vJn ::; vJn+l - vJn+l + vJn 
The strains at the re-entrant corner can now be written using only 
two imaginary displacements. Substitution of Eqso (3.37) and (3038) 
into Eqso (3033) gives 
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I ( * ) wJK Eyl(JK) 
cos l? 
v -v 
R cos ~ L In+l In y 2 
1 (2v -v* -v ) 
wJK (3.39) Ey2 (JK) l? R cos ~ L In+l In+l In cos y 2 
The in-plane shell forces acting on a particular quadrant of the 
node are defined in terms of the strains which are associated with 
tha t quadrant. 
N 
xl (JK) 
Ny2 (JK) ::::; 
Ny3 (JK) 
Thus) 
EhL 
. y 
2 (EX2 (JK) + VEYI(JK)) 2(1-v ) 
EhL 
x 
(Eyl(JK) + VEx1(JK)) 2· 
2(1-v ) 
EhL 
x 
(Ey2 (JK) +VExI(JK)) . 2 2(1-v ) 
The axial forces in the edge beams can be written as 
N~(JK) ::::; EAXEX2 (JK) 
N;(JK) = EAyEY2(JK) 
The displacement relations for the strains appearing. in Eqs. (3 .l~O) 
and (3.41) are those of Eqs. (3.39). 
In a similar fashion, the curvatures at the re-entrant corner 
are defined in terms of imaginary displacements. utilizing the same 
principle from which Eqs. (3.26) and (3.11) were derived, thecurva-
tures become (Fig. 14): 
Kxl(JK) = ~ (W~+lK-2w JK+w J -lK) 
x 
Kx2 (JK) = :2 (WJ+lK-2wJK+W;_lK) 
x 
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" l r- 2V In l r, * 1} 
Kyl(JK) Ly cos ~ lR + Ly LWJK+l COS~-2wJK+WJK_l(2-COS~)J 
Ky2 (JK) Ly ~OS ~ tVJ~+l + L~ [WJK+l(2-COS~)-2wJK+W;K_l cos~J} 
(3.42) 
* * The imaginary displacements wJ+1K and wJ -1K are related by the fact 
that the angle of twist of the joint JK about the y-axis, e~(JK)' 
can be expressed as follows: 
T 1 
ex(JK) - 21 
x 
Therefore, 
-I 
'E~uation (3.44) coincides with the relationship used by Prescott for 
are-entrant corner on a flat plate. (15) 
The angle of twist about the x-axis at joint JK, e~(JK)) can 
also be represented by two express~ons. Referring to E~. (3.9), 
Thus, 
(W;K+I-W JK-l )cosl3 
2Ly cos ~ 
* * w JK-l = w JK+l + w JK-l - w JK+l 
(WJK+l-W;K_l)COSI3 
2Ly cos ~ 
Through the use of E~s. (3.44) and 0.46), two of the imaginary dis-
placements, W;_lK and WJK_l' can be eliminated from the curvature 
equations. Hence, Eqs. (3.42) are re-phrased into the following: 
1 
* Kxl(JK) L2 (wJ+lK-2WJK+wJ_lK) 
x 
1 (2wJ+lK-w~+lK-2wJK+wJ-lK) Kx2 (JK) = L'2 
x 
1 J-2VJh 1 [W~:K+l cosf3-2w J:K+w J:K-l (2-cosf3) I} Kyl(JK) ~ 1 R +-L L cos y Y 
':I 
1 eVJn+1 1 [2w J](+l -w ;:K+ 1 cosf3-2w J](+w J](-l COSf3] } Ky2 (JK) +-L ~ R L cos Y 
Y 2 
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(3.47) 
The moments acting on a particular quadrant of the re-entrant 
corner node are defined in terms of the curvatures associated with 
that quadrant. Therefore, using the moment-curvature relationships 
given in Eqs. (2.26), the moments are: 
-1 D 
Mxl(JK) =~,(KX1(JK)+VKY2(JK)) 
M yl(JK) 
-L D 
x 
2 
From the moment-curvature relationships for the reinforcing beams, 
given by Eqs. (3.7) and (3.22), the moments acting about the ~-axes 
on the edge beams at the re-entrant corner are: 
The curva~ures used to define the moments in Eqs. (3.48) and (3049) 
are as stated in Eqs. (3.47)0 
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Torsional moments in the edge beams at the re-entrant corner are 
defined by: 
T' 
x (m+1K) 
T' y(Jn+l) 
GJ 
x 
L 
x 
GJ cos ~ 
y 2 ( T T) 
L 8x (JK+l) -.8x (JK) y 
where the angles of twist are represented by Eqs. (3.43) and (3,45). 
Placement of these relationships into Eqs. (3.50) gives 
T' . -
x (m+lK) 
T' y(Jn+l) 
There are two imaginary displacements at point J+lK+l because the 
angles of twist of the two beams which are defined by the displacements 
at point J+IK+l are, in general, different. The displacement super-
scripted by *1 is used only for moments acting on or near the longi~-
tud.inal beam, while the displacement superscripted by *2 is used only 
-in connection with the transverse beam. 
The equilibrium equations at joints near the re-entrant corner 
are derived according to the method outlined in Sections 3.3 and 3.4. 
For example, to obt~in the equilibriQ~ equation in the z-direction at 
the re-entrant corner, the node is given a virtual displacement 6wJK , 
The internal work of the system is given by 
T T 
L'Uw - [(NYl (JK)+Ny2 (JK) )l'£Yl(JK) (n+(NY3(JK)+N~(JK) )L'.EY2 (JK) (f) 
L L 
+ (Myl (JK)+MY2(JK) )6KYl (JK) ( I)+(MY3 (JK)+M; (JK) )6KY2 (JK) (J) 
L L 
+ (Mxl (JK)+Mx2 (JK))6:KXi (JK) ( ;)+(MX3(JK)+M~(JK) )6KX2 (JK) ( ;) 
+M x ( J -IK /~~KX (J -lK) 1 x + (Mx (J + lK) + M ~ (J + lK) ) 6Kx (J + lK) 1 x 
+Mxy(mn) (-68y (Jn) )+Mxy(mn+l) (-68y (Jn+l) )+Mxy (m+ln)68y (In) 
+Myx(mn) (-bBx(mK) )+Myx(mn+l) (bBx(mK) ).fMyx(m+ln) (-bex(m+ lK)) J 
44 
(3052) 
The external work of the system resulting from the virtual displacement 
6wJK is given in the following eQuation: 
6W 
w 
Substituting the proper expressions for the forces, moments, strains, 
and curvatures into EQ. (3.52) and setting the sum of the internal 
and external work to zero produces 
h21 
24L2: (vJn+2-3vJn+l+6vJh-2VJn_l) 
y 
+ h
2 r cos t3 (l-v)l (v -v +v -2v +v ) 
l2L R IV 2 + 9 ~I In+l J-ln+l J+ln In J-ln 
x cos'- 21 
2 I (l-v ) y 
2 I (l-v ) 
x 
2 I (l-V ) y 
* (wJ+2K-4wJ+IK+wJ+IK+3WJK-wJ_IK) 
45 
(3·54 ) 
The eCluilibrium eCluations written at the joints J+IK, J-IK, JK+l, 
JK-l, mK, m+1K, In, and In+l are also influenced by the re-entrant 
corner (Fig. 14). ECluations for these joints are diagrammed in 
Appendix A. 
Four additional equations are necessary for the determination 
of the imaginary displacements at points m+1K, In+l, J+IK) and J'K+lo 
These eCluations are established from the force) and moment) eCluilibrium 
conditions at the node ,TK. 
The x-direction eCluilibrium of tne node at the re-entrant corner 
reCluires that (Fig .. 14) 
Substitution of the forces given inEClso (3.40) and (3041) i.nto 
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Eqo (3.55) yields the condition 
~ 2A (1-V2 ) 1 L (3u* -2u -u) + _x __ _ L y m+1K m+1KmK h x -r * I (u -2u +u) I . m+1K m+1K mK J 
+,. VL I 1 (2v v* v) w JK !?~ I _A In+l- In+l- In -y IL cos ~ R cos LY 2 2J 
o 
* Equation (3.56) determines u
m
+1K in terms of the real displacements 
in the vicinity of the corner. 
* The additional equation for the imaginary displacement vJn+l is 
obtained by summing forces in the y-direction and inserting the proper 
force-displacement relations into the equation, thus producing the 
following result: 
!L 'A (1-v2fl I' 1 * W JK lj. 
/2S. + y 10---- (2v -v -v)-l2 h J lLy cos % In+l· In+l In R cos ~l = 0 
* In like manner the equation for wJ+1K is found by summing 
moments about the y-axis. The resulting equation is 
* Finally) the e~uation for wJK+l ) derived by summing moments about the 
x-axis) is 
2·- f3 { h Lx cos 2- -2vJn+l +~ ( L) R 
y 
~ 
+ W JK-l cosilJ } h 2L f3 f 2 - x cos '2 . v In 12L y 1 R 
*1 
- WJ+IK+l + wJ +IK- l ) o 
The e~uilibrium e~uations for a cylindrical shell containing 
a rectangular hole with no edge beams are found by setting the cross-
sectional properties of the edge beams e~ual to zero in the e~uations 
previously derived. 
3.6. Other Boundary Conditions 
Conditions for the following boundaries are presented in this 
section: free edge along a longitudinal border) transverse edge 
simply supported) free edge along a transverse border) and longi-
tudinal junction between two shells. 
3.6.10 Free Edge Along a Longitudinal Border 
The N forces and the M moments are zero along a free edge in y y 
the longitudinal direction. From the stress-strain relations given 
Substitution of this value for EY(JK) into EQo (2017) yields on the 
free edge: 
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where N acts on a strip of shell which has the width L /2. Therefore, 
x y 
for grid line K coinciding with the free edge. Similarly, 
E~uilibrium equations, which are modified as a result of the 
proximity of the displacement points to the free edge, can be derived 
by including the proper force-displacement relations when each node 
is given its virtual displacement (Section 2.7). These equations 
. , (18) have been expressed by Schnobricho The e~uations may also be 
obtained from the eQuilibrium equations for points near a longitudinal 
edge beam (Section 303) by e~uating the cross-sectional properties of 
the edge beam to zeroo The moment eQuilibrium condition represented 
by'Eqo (3.18) reduces to My(JK)=O, which is one of the conditions for 
the free edge 0 By setting the expression for My (JK), given by 
Eq. '3012), equal to zero, a simple relation is obtained for the 
* imaginary displacement wJK+lo This relation can then be substituted 
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into the equilibrium equations in order to eliminate the imaginary 
displacements. 
3.6.2. 'I'ransverse Edge Simply Supported 
A very thin diaphragm is frequently used as the support structure 
for the transverse edge. Thus no resistance to longitudinally directed 
loads is provided. The force boundary conditions are therefore N 
x 
and M 
x 
o. Support is provided in the plane of the diaphragm; thus 
o 
the geometric boundary conditions are v =0 and w = O. The equilibrium 
equations applicable to the u) v) and w interior points closest to the 
simply-supported edge are giyen in Ref. 18. 
3.6.3. Free Edge Along a Transverse Border 
The force boundary conditions for a free edge along a transverse 
border are N = 0 and M 
x x 
O. Tbe expressions for Nand Mare 
, y y 
derived in the same manner that Nand M were derived in paragraph 
x x 
3.6.1 of this section. Thus 
EhL 
x 
2 
~cos ~ L R Y (vJ l-v - ) + n+ In 
1 
cos 
(306,3 ) 
The equilibrium equations for points near the free edge can be obtained 
from those for points near a transverse edge beam by setting the 'edge 
beam cross-sectional properties equal to zero as was explained in 
paragraph 3.6.1. 
30604. Longitudinal Junction Between Two Shells 
When two cylindrical shells intersect along a longitudinal 
border) there is a sharp break in curvature in the transverse 
direction. Schnobrich(18) alters the construction of the extensional 
node at this junction so that the cylindrical shell model will be 
compatible with the actual conditions at the boundary. The geometry 
of the joint is shown in Figure 15. The continuous shells in this 
study are symmetrically loaded. Thus the following boundary conditions 
are applicable: 
horizontal displacement normal to the junction 0 
rotation in the transverse direction ~ 0 
Referring to Figure 15) the rigid bar rotation of the rib between 
nodes JK-l and JK becomes 
1 
BY(Jn) ~ L 
y 
[WJK 
~os ! 
The extensional strains are 
1 
Ex(JK) = L (um+lK ,... ~) 
x 
V Jn wJK tan "/ 
--...-----...- + 
L !L ~ cos "/ 2 Y 2 
Flexural strains on the u.pper surface of the node at the junction are 
obtained from Eqs. (2011) and (2.13) by replacing the height of the 
h joint by --
cos I Thus, 
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T h 1 1 ~WJK wJK- l 
Xy(JK) :::; .,. 2 cos)' (172) (L) COS;I- --t3 
y y _ cos 2" 
v In (tan)' - tan ~)J 
(3·66) 
The twisting strain on tne upper surface of the shear joint mn is 
changed by substituting Eq. (3.64) into Eq. (2.15) and by using the 
angle I in place of t3/2 where necessary: 
T 
Xxy(mn) :::; h [' -(tan',I-tan _,t3) (v -v ) + 2 (w -w ) 2L:V 2 In J-ln cos I JK J-IK 
x Y 
The in-plane forces at the j'unction are defined by incorporating 
the extensional strains of Eqs. (3.65) in the stress-strain relations 
given ,in Eqs. (201). The final force-displacement equations are 
2v tan y 
L 
Y 
EhLx ~-2(V,Jn) + 2 tan I (w JK) ] 
_____ --- + L ( ) 
2 L cos 'YL L um+1 K-U,mK (l-v) y y x 
The in-plane shear force, N ( ), remains unchanged from the expres-
xy mn 
sian for a general interior shear force given by, Eq. (2.20). 
The bending moments are obtained by taking moments about the 
mid-depth of the deformable node. Therefore) M at the longitudinal 
x 
junction is obtained by substituting Eq. (3.66) in Eq. (2022) and 
replacing the node height h cos ~/2 by h Y . cos 
M 
x(JK) 
Similarly, 
+ 2V (wJK-I _ WJK)I 
L2 A cos Y cos !:. 
y 2 J 
W JK-I) 
cos Q 
2 
The twisting moment defined at the shear node mn, which is located 
one-half space from the junction) is expressed by Eqs. (2.27) and 
(3.70) : 
M 
xy(nm ) 24(I+V)L 
x 
The moments M and M located one grid length from the junction 
x y 
are 
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M 
x(JK-l) 
M y (JK-l) 
..;.Eh3L f3 cos ~2 
+ 
y 
v cos E. 
2 2 (tan 'Y - tan ~)VJn -~ (VJn_l ) L y 
Y 
cos E. 
.V 
(cos 
2, 
L2 'Y' 
Y 
l-cos E. - L~ 2 (tan y - tan ~) vJn 
1 1 cos E. 
RL (v In-l) + L2 (cos ~ w JK- 2w JK-l +w JK-2) 
Y Y 
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The shell junction influences the equilibrium equations at the 
following points: u displacement point on the junction; v displace-
ment points one-half space, and one and one-half spaces from the 
junction; and w displace~ent points on the junction, one space, and 
two spaces from the junction. These are derived in the same manner 
as was shown in Chapter 2. and sample equations are written 
diagrammatically in Appendix A. 
3.70 Summary of the Shell Solution by the Model 
In order to solve for the displacements in a cylindrical shell 
containing a rectangular hole framed by edge beams) a set of linear 
simultaneous equations must be developed by applying the proper 
equilibrium equation to each of the displacement points. For 
interior u) v and w points which are not influenced by boundaries) 
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the equilibrium equations are given by Eqs. (2.36), (2.38) and (2.39)) 
respectively. For points near the longitudinal edge beam, Eqo (3.17) 
and others diagrammed in Appendix A (Figs. A4 through A6) are used. 
Equation (3.19) is applied to the imaginary nodes along the grid line 
parallel to the beam. For points near the transverse beam) equilib-
rium equations shown in Appendix A (Figs. A7 through A9) should be 
.used. Equation (3.32) should be applied at the imaginary nodes along 
the transverse beam. Equation (3054) is applied at the re-entrant 
corner while 'equations for other points affected by the corner are 
given in Appendix A (Figs. AIO through A18). Equations (3.56), (3057), 
(3.58) and (3059) are used to define the imaginary points near the 
corner. Equilibrium equations for points influenced by other 
boundary conditions are outlined in Section 3.6. The set of simul-
taneous equations developed by using the foregoing equations is then 
solved for the unknown displacements. 
NUMERICAL RESULTS 
4.10 General 
The discrete model developed in this study for rectangular holes 
cut in shells is employed in the analysis of four example problems~ 
10 Rectangular plate subjected to tension in the longitudinal 
direction. 
2. Circular cylindrical shell subjected to compression in 
the longitudinal direction. 
3. Simply supported) single-bay shells uniformly loaded. 
4. Simply supported, multiple-bay shells uniformly loaded. 
These problems were chosen to demonstrate the applica.bility of the 
model to various loadings and boundary conditions on shells which are 
used in engineering design. The uniform load applied to the shells 
in examples (3) and (4) is denoted by q, where q is a gravity load 
measured in pounds per square foot of surface area. The edge beams 
in example (4) are also loaded by a gravity ,load under the assumption 
that the density of the edge beams is the same as that of the shell a 
The numerical values obtained in examples (1) and (2) are 
compared with results of other authors in order to demonstrate the 
reliability of the model 0 In addition, a uniformly, loaded square 
plate) fixed on all sides and containing a centrally located square 
hole with stiffened edges, was analyzed and. gave the same numerical 
results as those of Prescott. (15) This was to be expected) for when 
the radius of the shell is infinite in length, ,the equilibri.um 
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equations governing the qylindrical shell model reduce precisely to 
those used by Prescott for a flat plateo 
Solutions are presented for single-bay and multiple-bay roof 
shells, each containing a centra~ly located rectangular hole. A 
parameter study of the multiple-bay shells was undertaken to illustrate 
the effects of changes in the size of the hole, the span of the shell, 
and the dimensions of the edge beams framing the hole, on the dis-
placements, forces, and moments that result from the loading. 
All of the shells analyzed in this study are loaded s~metrically 
and have symmetrical boundaries; consequently, only one quadrant of 
each shell is used in the analysis. The total number of unknown 
displacements that must be evaluated is decreased therefore by a 
factor of four. 
The overall equilibrium of the model shell quadrant in 
examples (3) and (4) is checked by the following three methods. The 
summation of the vertical components of the N forces at the 
xy 
support is eq,ual and opposite to the total external loacL The 
summation of the concentrated N forces at any cross-section vanish. 
x 
The total internal moment which is caused by the variation of the N 
x 
forces acting on the mid-section of the shell is equal and opposite 
to the moment computed from the external loadso Although no results 
are available to compare with the solutions obtained for the roof 
shells, examples (3) and (4), the equi.librium checks listed above 
are made to sbow that the structures do satisfy statics. 
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An IBM 7094 digital computer was used to solve the system of 
simultaneous eQuations for the unknown displacements by usi.ng the 
Gauss elimination procedure. 
4.2. Rectangular Plate Subjected to Tension 
A flat rectangular plate containing a rectangUlar hole cut out 
of its center is subjected to a uniaxial tensile load. This load is 
uniformly applied to two opposite ends of the plate while the other 
two sides of the plate are free edges. Because the plate is symmetrical 
about both center lines only one quadrant is used. It is divided into 
twelve spacings in the x-direction and six spacings in the y-direction. 
The orientation and dimensions of this. quadrant are shown in Table 1. 
The values for the N forces in the plate are tabulated at four 
x 
cross-sections and are compared with those obtained by Clough, (3) who 
used a "finite element" method to solve the problem. The solutions 
obtained for the model compare favorably with those given by Clough 
and are consistent wi.th the data presented by Savino (17) This 
substantiates the applicability of the model for the study of in-plane 
forces. 
4.3. Cylindrical Shell Subjected to Compression 
A circular cylindrical shell containing four rectangular holes 
spaced at 90-degree .intervals on the midsection of the shell is 
subjected to a uniform compressive load at the ends of the cylinder. 
The dimensions of the shell are given in Table 2. Because of the 
symmetry, a section which has a surface area of 1/16 of the cylinder 
is considered; it is one-half the length of the cylinder and has an 
opening angle of 45 degrees. Two grid sizes are used~ a 5x4 grid 
illustrated in Table 2; and a lOx8 grid obtained by doubling the number 
of divisions in both directions. The possibility of buckling is not 
taken into account. 
The radial displacements, w (ft.), the longitudinal forces, N 
x 
(lb./ft.), and the transverse bending moments, M (ft.-lb./ft.), are y 
tabulated in Table 2 for both grid sizeso Also shown in the table 
are the values given by Vaynberg and Sinyavskiy, (21) who used a 
combination of stress functions and finite differences to solve the 
problem. They utilized a 5x4 grid in their calculations. 
A relatively .. close correlation exi.sts between the N
x 
forces 
obtained with the 5x4 grid model and those obtained by Vaynberg and 
Sinyavskiy, especially the forces at the edge of the hole. A compari-
son of the N forces at points near the load is not made because the 
x 
T load for the model is applied in a slightly different manner than o . 
in Ref 0 21. The N results tabulated. for the lOx8 grid are more 
x 
accurate than those for the 5x4 grid since a smaller grid is used, and 
a closer approximation to the actual shell is achievedo The error in 
the N
x 
values for a cylindrical shell is nearly proportional to the 
inverse of the square of the number of spacings in the y-direction. (13) 
For example, if the number of spacings in the y-direction is doubled, 
the error is decreased by a factor of four. 
Although the results given by the model for the w di.splacements 
and Mmoments follow trends similar to those given in Ref. 21, there y 
is a large discrepancy in the magnitudes of these values. This is 
unexplainable since the results for N were in good agreemento The 
x 
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solutions obtained for the model are exact for the system of rigid bars 
and deformable nodes 0 By comparing results from the model to existi.ng 
solutions for other problems it was found that the model closely 
approximates the continuum. Therefore the numerical values obtained 
for the model in this problem should accurately represent the solution 
to the real shell. 
4.4. Simply Supported, Single-Bay Shells 
In this example, a simply supported, single-bay cylindri.cal shell 
containing a rectangular hole cut out of its center is subjected to 
a uniform gravity load, q (psf), over its entire surface. The 
dimensions of this shell, . identified as Shell I, are given ~n Table 30 
This shell is 1/10 the size of a realistic roof shell and could be 
used as a scaled-down model to be tested in a laboratory. Two 
conditions are considered at the edge of the hole~ in case I the 
perimeter of the hole is bounded. by a free edge; in case 5 the shell 
is reinforced by an edge beam around the hole. The dimensions of the 
cross-section of the edge beam (0.03 1 xOo09') are the same on all four 
sides of the hole. The shell thickness is 0003' 0 As a result of the 
two directional symmetry) only one quadrant i.s necessary for the 
analysis; i.t is divid.ed into eight longitudinal and ten transverse 
grid spacingso Poisson's ratio, for convenience, is considered to 
bezeroo 
The radia,l deflections of the shell, w (ft.), are plotted at 
the sections x = I, x = F, and y = Ho See Figures 16 through 180 
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In addition to the plots for cases 1 and 5} the displacements for a 
solid shell (i.e., no opening) are plotted for comparison. The maximum 
deflection of the shell occurs at section x = I. For the shell con-
taining a hole without edge beams this deflection is approximately 
1.6 times that of the solid shell, whereas the addition of an edge 
beam around the hole causes the maximum deflection to decrease to 
roughly 1.3 times that of the solid shell. 
The forces} N (lbo/ft.), are plotted at lines x = I and x = E 
x 
as is shown in Figures 19 and 20. The maximumN force in the shell 
x 
acts at the free edge on line x = I; it is decreased when an edge beam 
reinforces the shell about tbe hole. Stress concentration,factors 
at the re-entrant corner are listed in Table 4. The values of the 
stresses at the re,...entrant corner are a function of the grid size 
used and are average values. When the edge beam is added to the shell, 
the stress concentration factor, k, decreases from 3.79 to 2.62} 
primarily as a result of the additional cross-sectional area. 
The N force at line x = F is plotted in Figure 21. A sudden y 
change in the cross-sectional area of the shell ribs used in the model 
causes the discontinuity at the re-entrant corner. In an actual shell 
structure, the change in the stress would be more gradual. 
The bending moments, M (ft.-lb./ft.), are graphically y 
presented in Figures 22 and 23 for lines x I and x = F. The maximum 
moment at the crown of the shell on line x F is decreased con-
siderably when edge beams are added around the perimeter of the 
opening. 
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4.5. Simply Supported, Multiple-Bay Shells 
A parameter study for simply supported, multiple-bay shells 
under a uniform gravity loading is presented in this section. The 
shells all have a bay width of 40 ft, but three different spans are 
considered: 40 ft, 60 ft, and 80 ft. For each of these three shells 
two sizes of openings are considered; thus a total of six shells are 
analyzed (Shells II through VII). The dimensions are given in 
Table 3. For each of the six shells, various sizes of edge beams are 
used to illustrate the effect of increasing or decreasing the cross-
sectional area and stiffness of the beams. The edge beams are 
designated by case number, and their dimensions are given in Table 3. 
The shell Cluadrant under consideration in this study is divided into 
a 10xlO grid for all six shells. Poisson's ratio is zero in all 
cases. 
The maximum negativeN stress in the shell occurs at the 
x 
re-entrqnt corner, and stress concentration factors are given in 
Table 4 to illustrate how the stress varies with changes in dimensions 
of the edge beams. The stress concentration factor, k, is a ratio of 
N in a shell with a hole to N without a hole. Both values of N 
x x x 
are taken at the re-entrant corner node point. The magnitudes of 
the N forces in the solid shell under a uniform load of 1 psf are 
x 
given in Table 4. Noteworthy is the fact that the force in the shell 
at the re-entrant corner decreases as the cross-sectional area of the 
edge beam increases. This is understandable since the longitudinal 
beam aids in transmitting the N force. 
x 
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Graphs are constructed to show the radial displacements, w(ft.), 
the forces, N~(lb./ft.) and Ny(lbo/fto)) and the moments, 
My(ft.-lb./ft.), for shells II, III, V, and VII in Figures 24 through 
55. These graphs are included to demonstrate the trends of the dis-
placements, forces, and moments as the shell dimensions, hole sizes, 
and edge beam cross-sections are varied. Graphs are not presented 
for Shells IV and VI because the numerical values for the displace-
ments, forces, and moments in Shells IV and VI follow the same trends 
that are phown for Shell II; this is a result of the corrrrnon ratios 
of the hole dimensions to the shell dimensions in each of these three 
shells (II, IV, and VI). 
Shell II ~s a short shell, square-shaped in the plan view, 
containing a' hole that is square in shape. Referring to Figures 24 
through. 31, the following trends are observedo The deflections are 
decreased considerably as the flexural stiffness of the edge beam is 
increased. The maximumpositiveN force acts at the junction of the 
x 
shells where it decreases very little when the edge beam size is 
increased. Consequently, the addition of edge beams about the 
opening does not aid in the reduction of the maximum positive stress 
although the negative stress at the re-entrant corner i.s decreased in 
magnitude (see Table 4). Of note is the observation that the 
negative N force on line x = G at point y = H increases as the edge 
x 
beam cross-sectional area increases. Th;is is caused by the inability 
of the shell to distribute the large concentrated axial force.existing 
in the longitudinal edge beam at the re-entrant corner 0 In case 3 
there is no, break in the. Ny distri.bution at the corner; this is 
explained by the fact that the area of the edge beam is the same as 
the concentrated area of the shell rib opposing it at the re-entrant 
corner. The maximum negative M which occurs at the mid-section of y 
the shell decreases as the edge beam dimensions increase. In 
summary, the addition of edge beams about the perimeter of the hole in 
Shell II diminishes the radial deflections, the maximum negative N 
x 
stress at the re-entrant corner, and the maximum M moment at the y 
longitudinal junction of the multiple-bay shells. 
In Shell,III, a long narrow hole is cut into the shell with the 
major axis of the hole directed in the transverse direction. Results 
are given in Figures 32 through 39. For a shell of this type, an 
increase in the edge beam dimensions does not decrease the radial 
deflections significantly. The N force distributions at the mid-
x 
section of the shell are nearly straight lines; thus, the shell at 
this section behaves as a shallow beam. ,Although an increase in the 
cross-sectional area of the edge beams causes a decrease in the 
negativeN stress at the edge of the hole, it has little effect on 
x 
the positive ,N stress at the junction. This phenomenon can be 
x 
explained in the following manner. The external forces acting on 
the shell require a certain stati,c moment at the mid-section of the 
shell. This moment is developed by the magnitude and distribution 
of theN forces much the same as in a beam. Adding a longitudinal 
x 
edge beam at the edge of the hole increases the cross-sectional 
dimensions in the; compression region only. Since there is no change 
in area in the tension range, there is little reduction in the N 
x 
stress at the junction of the shells. 'Ihe reduction i,n compression 
64 
stresses is- compensated by a shift in the point of zero stress coupled 
with the concentr~ted force in the edge beam. Another observation is 
that the N forces near the crown of the shell are smaller for a shell y 
containing a hole than for a solid shell (Fig. 37), whereas in Shell II 
the opposite is true (Figo 29)0 Likewise, the M moments in Shell III y 
are smaller than those for a solid shell. In general, a shell con-
taining ~his type of hole behaves like two half-shells connected by 
short thin beams 0 
Shell V contains a narrow hole having a length 004 times the 
span of the shell. The major axis of the opening is in the longi-
tudinal direction. As was the case in Shell II, the radial deflections 
are decreased substantially as the edge beam flexural stiffness is 
increased. Graphs for Shell V are presented in Figures 40 through 47. 
The maximum positive stresS resulting from the N force at mid-section 
. x 
of the shell remains about the same when edge beams are added. The 
transve~se moment is decreased when edge beams are added, especially 
at the crown on line x = G. An interesting observation is that the 
maximum negative M occurs at line x = G rather than at the mid-section. y 
In Shell VII, a long narrow opening is cut in a shell with an 
80-ft span. As is illustrated in Figures 48 through 50, the cutout 
has a substantial effect on the deflecti.ons when they are compared to 
those of a solid shell. For instance, the maximum deflection. of the 
shell containing an unreinforced opening is 509 times the maximum 
deflection of the shell without a hole. This ratio is reduced to 308 
when large edge beams (case 4) are added. A special case was 
investigated in which the cross-secti.onal area of the longitudinal edge 
beams was equal to the transverse cross-sectional area of the cutout. 
, It was found that although the total cross~sectional area of the shell 
remained the same, the ratio of the maximum. deflections to those of 
the solid shell was 3.40 This indicates that the two parts of the 
shell in the longitudinal direction along the sides of the hole act 
as two separate shells which cantalever in the transverse direction 
from the junction between the shells (Fig. 48)0 The maximum positive 
stress due to N (Figo 51) remains approximately the same when the 
x 
cross-sectional area of the edge beams is increased, although the 
negative stress at the re-entrant corner is reduced greatly by this 
increase in area (Table 4). The N value at the crown of the shell on y 
line x = D (Fig. 53) is increased by a factor of 10 when the opening 
is cut into the shell 0 Large discontinuities in M occur at the y 
re-entrant corner (Figo 55) when the edge beam stiffness is increased. 
This isa result of the large torsional moment transferred from the 
longitudinal edge beam to the shell at the re-entrant cornero 
In general, the longi tud.inal edge beam attains its maximum 
positive Mi moment at the mid-section of the shell, whi.le the maximum 
x 
negative M' moment is attained at the re-entrant corner 0 The numerical 
x 
values of these maximum M' moments are given in Table 5 for a uniform 
x 
load of 1 psfo It can be seen that as the flexural stiffness of the 
edge beam increases for a given shell, there is a tendency for the 
beam moment to increase. The maximum negative M' moments in the y 
transverse edge beams (see Table 6) are attained at the crown of the 
shell in all cases. 'liable 7 contains the magnitudes of the maximlllll 
axial forces in the beams. These forces reach their maxLmum values 
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at the re-entrant corner in all cases and increase as the edge beam 
cross-sectional area in,creases. The maximum torsional moments in the 
beams are given in Table 8. These moments reach a maximum at or near 
the re-entrant corner. 
5.10 Conclusions 
CONCLUSIONS AND RECOMMENDATIONS FOR 
FtJTURE STUDY 
The discrete point model developed in this study can be used to 
obtain reasonable estimates of the displacements and stresses in a 
cylindrical shell containiJ;lg rectangular openings with stiffened edges. 
Numerical solutions·were obtained for shells with different types of 
loading) different hole sizes and edge beam dimensions, and different 
boundary conditions. It was found that an increase in edge beam size 
generally causes a decrease in the stresses and displacements in the 
shell near the opening. 
Axial forces, bending moments in the radial direction, and 
torsional moments in the edge beams are taken into account in g~nerating 
the e~uilibrium equations. Bending of the edge beams in the tangent 
plane of the shell is not considered in the development of these e~uations 
because very little error is introduced by omitting this moment,and the 
axial strain in the edge beam no longer is e~ual to the strain in the 
shell at the shell-beam junction if the moment is included. 
The stresses near the hole, particularly at the re-entrant corner, 
are often greater than those at other points of the shell. Since a 
discrete point model is used for the analysis, these stresses are computed 
as average stresses. In order to obtain more accurate numerical results 
at the re-entrant corneT it is necessary. to decrease the grid size 
without exceeding the capacity of the digital computer. One method of 
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doing this would be to solve for the forces, moments and displacements 
in the entire shell using a large grid size. A small section of the 
shell containing the re-entrant corner could then be re-examined using 
a smaller grid size by changing the internal forces, moments and dis-
placements about the edge of this section into external loads and 
geometric boundary conditions. 
Large deflections occur near the long narrow longitudinal holes 
in the multiple-bay shells. These deflections would be considerably 
smaller if int~rmediate transverse ribs were placed between the longi-
tudinal edge beams forming a curved Vierendeel truss. The shell would 
then act more like an integral unit. 
5.2. Recommendations for Future Study 
In future studies, a small section of the shell containing the 
re-entrant corner should be analyzed using the stresses in the shell as 
loads on the edge of the section. 
The model should be modified to investigate the effects of inter-
mediate transverse ribs placed between the longitudinal edge beams 
along the hole. Th~ model should also be used to study the behavior of 
a thin walled cylinder containing rectangular holes in which the entire 
cylinder is reinforced by ring frames and longitudinal stringers. Non-
symmetric reinforcement should be considered. 
The model should be extended to examine the behavior of shells of 
double curvature which contain rectangular holes. :possibly the discrete 
point model proposed by Mohraz(13) could be used as a basis for this 
purpose. 
The model should also be used to investigate dynamic and non-
linear behavior of shells with openings . 
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. Laboratory tests should be conducted on small scale cylindrical 
shells containing rectangular holes to confirm the accuracy of the 
discrete point model. 
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TABLE 1 SOLUTION OF A FLAT PLATE, CONTAINING A RECTANGULAR 
HOLE, SUBJECTED TO TENSION 
h = 1" 
v = 0,,33 
G -
F 
~ r po ~ 
6" ,!J D 
C 
B 
A A t3 C ) :. F ( L 
rr-
"' 
Tab1e·of.N Values (lb./1n.) 
x 
J 
9't 
x = F x = H x = J 
Y : 
Model Ref. (3) Model Ref. (3) Model Ref. (3) 
A 1 .. 25 1.24 1.24 1.18 1 .. 09 1.08 
B 1 .. 22 1.22 1 .. 27 1.28 1.25 1.22 
C 1 .. 22 1 .. 22 1.34 1·33 1 .. 41 1 .. 41 
D 1.16 1.17 1.39 1.47 1.65 1.56 
E 0.94 . 0 .. 90 1 .. 10 1.15 2.29 2.41 
F 0 .. 59 0.59 0.22 0.09 
G 0~47 0.38 0.09 0.15 
-
I 
J\~ .J M 
I 
-.......x 
I 
x = L 
Model Ref" > (3) 
1.00 0 .. 95 
1.24 1.22 
1 .. 47 1..45 
1·75 1.81 
I 
2 .. 06 .2.09 
--
TABLE 2. SOLUTION OF A CIRCULAR CYLINDRICAL SHELL, 
COMPRESSION 
FREE 
TO(lb./rt.) § 
Point 
x y 5x4 Grid 
C A -19.11 
C B -16.76 
C c -10.37 
c D 17.49 
c E 35.89 
D A -22.64 
D B -32 .. 25 
D C -45.39 
D D 40.83 
D E 93.42 
E A -25.82 
E B -41.15 
E c -62.84 
F A -27.oB 
F B -43.97 
F c -66 .. 14 
fV 
E 
kJ=-I--ll-+--· oor--I 
B ~-iII--1---+--I 
AA 
5 x 4 GRID 
w 
T R/Eh 
0 
10xB Grid Ref .. (21) 5x4 Grid 
-19·70 .. 25. 7~5 ... 0.4 
-17·16 -:22 D 91~ -0 .. 5 
-7,·59 -16.1l -2.8 
16.57 24.79 -0 .. 5 
33.80 51·79 -0.2 
-27.34 -27.12 -0 .. 03 
-36.32 . -42.32 -0.2 
-38.46 -67.31 -7.6 
41.19 55.83 0.0 
88.50 132·92 0.0 
-33·10 . -33.01~ 0.3 
.. 47.58 
-53. 51 -0.4 
-67.76 -79 .21~ -7 .. 5 
-35.34 -34.91 0.5 . 
-51..04 -55 .8~~ ... 0·5 
-75,·31 -82 .. 52 -7.5 
CONTAINING RECTANGULAR HOLES J LOADED IN AXIAL 
N 
L = 101 
~ = .4L 
R = 5.093' 
h = 0.02547 9 
V = 0.3 
x 
T 
0 
10x8 Grid Ref. (21) 
0.1 0.1 
-0·7 -0.6 
-3·1 -3·1 
-0 .. 4 
-0·3 
-0.1 -0 .. 1· 
0.8 0·5 
-0·3 -0.5 
-11.8 -7.4 
0 .. 0 0.0 
0.0 0 .. 0 
1·3 0.8 
-0 .. 5 
-0·7 
-10.6 -7.4 
1·5 0.8 
-0.6 -0.7 
-10.2 
-7·3 
t-1 y 
T DR/Eh 
° 
5x4 Grid 10xB Grid 
-4.0 
-4.3 
-4.0 -6.6 
-19.7 -13.6 
8.3 5·7 
35.0 37,,3 
19·9 21 .. 7 
2.8 -4 .. 6 
-66 .. 4 -80 .. 4 
28.9 35.8 
92.0 90 .. 1 
31.2 34 .. 2 
6 .. 1 3.6 
0.0 0.0 
34.3 36.9 
5·2 6.3 
0.0 0 .. 0 
22.5° 
45° 
Ref. (21)" 
24.3 
"'9·3 
... 41.5 
23.3 
95·7 
36.2 
-5 .. 1 
-82.4 
42.8 
129.6 
39·9 
3.B 
0.0 
40.1 
4.4 
0.0 
-.l 
\...N 
TABLE 3. DIMENSIONS OF SINGLE-BAY AND MULTIPLE-BAY SHELLS 74 
~ 
BAY WIDI'H 
SINGLE-BAY SHELL I 
Shell 
I 
II 
III 
IV 
V 
VI 
VII 
Bay Width L( ft .. ) 
(rt. ) 
4 8 
40 40 
40 40 
40 60 
40 60 
40 80 
40 80 
t 
EDGE BEAM 
CROSS-SECTION 
S.B .. 
~h----
cfJ----'" 
MULTIPLE-BAY SHELLS IIi III, rv, 
V, VI, AND VII 
q> H(tt. ) h(tt .. ) Lh (degrees )_ 
L 
30 4 .. 0 0 .. 03 0·375 
25 47·;26 0.25 0·3 
25 47 .. 326 0.25 0 .. 2 
35. 34.868 0.25 0·3 
35 34 .. 868 0.25 0.4 
45 28.285 0.25 0.; 
45 28.285 0.25 0·7 
CDh 
-q> 
0 .. 3 
0·3 
0.6 
0.3 
0.2 
0·3 
0.2 
Case No. b( ft .. ) t(rt. ) 
1 
2 
3 
4 
5 
0.0 
0.25 
0.25 
0·5 
0.03 
0,,0 
0·5 
1 .. 0 
1 .. 0 
0 .. 09 
TABLE 4.. STRESS CONCENTRATION FACTORS AT HE-ENTRANT CORNERS OF 
SINGLE-BAY AND MULTIPLE-BAY SHELLS 
Uniform Load: q = 1 psf 
N (shell with hole) 
k _ x 
- -N--(-s~h-el'""!'l-w-i t~h-o-u-t"""h-o""l-e) 
x 
N is measured at the re-entrant corner. 
x 
75 
k N (lb./ft.) 
x 
Shell No .. Case 1 Case '2 Case 3 Case 4 Case 5 Solid'Shell 
I 3·79 2.62 -31 
II 3.26 2.65 2.33. 1 .. 91 -104 
III 21.10 16 .. 58 13.80 -42 
IV 3.81 3.07 2.61 2.09 -171 
V 3.66 2.40 1·90 -169 
VI 4.06 3·29 2.80 2.24 -233 
VII 9.43 5.97 4.58 -137 
\, 
TABLE 5. MAXIMUM POSITIVE AND NEGATIVE MOMENTS, M:1o IN THE 
LONGITUDINAL EDGE BEAMS OF MULTIPLE-BAY SHELLS 
Uniform Load: q = 1 psf 
Max. Positive M~ (ft .. -lb.) Max. Negative M~ (ft.-lb.) 
Shell No. 
: Case 2 Case 3 Case.4 Case 2 Case 3 Case 4 
II 12 .. 5 57·1 92.6 -11 .. 2 -8.6 -0.1 
III 6.9 39 .. 2 _ ... -
---
IV 13 .. 1 16.8 136.5 -11·5 "'30.0 -29.8 
V 101 .. 3 183.1 ... 65.0 
-10·5 
VI 12.9 82 .. 9 156.1 -19.4 -44.0 -53.0 
VII . 138 .. 9 234 .. 5 -245 .. 1 .... 218 .. 6 
TABLE 6.. MAXIMUM NEGATIVE MOMENT, MY' IN THE TRANSVERSE EDGE BEAMS 
OF MULTIPLE-BAY SHELLS 
Uniform Load: q = 1 psf 
Max. Negative MY (ft.-lb.) 
Shell No. 
Case 2 Case 3 Case 4 
TT 
... 17.1 -76 .. 8 -104.1 .J..J. 
III 
-3·3 ... 15.3 
IV · ... 20.2 -94.2 -134.5 
V -122.8 -158.1 
VI -19.4 -94 .. 7 -137.5 
VIr ... 227 .. 4 -202 .9 
17 
· TABLE 7 ~ MAXIMUM AXIAL FORCES IN THE LONGITUDINAL AND TRANSVERSE 
EDGE BEAMS OF MULTIPLE-BAY SHELLS 
Uniform Load: .q = 1 psi' 
Max.N:k( lb.) for Max. NY(lb.) for 
Longitudinal Edge Beam Transverse Edge Beam 
Shell No .. Case 2 Case 3 Case 4 Case 2 Case 3 Case 4 
II -138 ... 242 -397 -99 -170 -277 
III -346 -577 -128 -211 
IV -262 -445 -715 -~OO .... 182 -310 
V -406 -643 -254 -422 
VI -383 -652 -1043 -91 .... 171 -305 
VII -818 -1254 -405 -679 
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TABLE 8.. MAXIMUM TORSIONAL MOMENT IN THE LONGITUDINAL AND TRANSVERSE 
EDGE BEAMS OF MULTIPLE-BAY SHELLS 
Uniform Load: q = 1 psf 
Max. T~(ft.-1b.) for Max. TY(ft.-1b.) for 
Longitudinal Edge Beam Transverse Edge Beam 
Shell No. Case 2 Case 3 Case 4: Case 2 Case 3 Case 4: 
II 
-6·3 11.4 21.7 -12.6 -4 .. 3 3·4 
III 
-5·2 -5·3 14.8 32·5 
IV .... 20 .. 8 
-5·7 13.2 -14.8 -15.4 -14.0 
V -10 .. 0 25·7 -36.2 -38.9 
VI -34 .. 9 -25 .. 1 -23 .. 4 -13.8 -22·9 -28.3 
VII -191.2 -343. 7 -149.1 -166.6 
Curvature of 
Shell 
straight Rigid Bars 
\ 
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APPENDIX A 
EQUILIBRIUM EQUATION PATTERNS 
The outline for the derivation of the equilibriQm equations used 
in this study is given in Chapters 2 and 3. Finite difference patterns 
for a representative sample of these equations are presented here 
(Figs. A-l to A-22). The equations for interior points are diagrammed 
in Figures A-l through A-3; those for points near the rectangular hole 
are given in Figures A-4 through A-1S; those for points near the 
longitudinal junction between two shells are presented in Figures A-19 
through A-22. On the figures the symbols which are enclosed by 
dotted lines represent the coefficients of imaginary points. The 
notation used in the patte~ns is as follows: 
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1-v ! ( y . 1) ( ) . 2 ~ A I Lx 1 h 2 J 
L h 2f3+R2 +2" 2f3+ 2 2 
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G30 = 7G20 + 7G21 + R5 + 2R6 
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APPENDIX B 
MULTIPLE-BAY SHELLS WITH TIE RODS 
When a long narrow opening is cut in a multiple-bay roof s'hell, large 
radial deflections occur near the edges of this opening. As is shown in Figs. 48 
through 50, the addition of edge beams about the perimeter of the hole does not 
greatly reduce the magnitudes of the deflections. In addition to the deflections, 
the forces and moments in a shell of this type are also substantial when compare~ 
to those of a mult iple-bay, shell without an opening (Figs. 51 through 55). It is 
des i rable to reduce the ma'gn itudes of the deflect ions, forces and moments of a 
shell with a long narrow opening to those of a solid shell. This can be accomplished 
by placing horizontal tie ,rods transversely from the edge of the hole in one bay 
to the edge of the hole in the adjacent bay (Fig. B-1). 
Numerical results are obtained for the multiple-bay shell designated in 
Table 3 as Shell VII-case 1. Horizontal tie rods are placed at 41 intervals along 
the longitudinal edges of ~he hole. The shell is subjected to a uniform gravity 
load of 1 psf. The model described in this study is used for the analysis by 
assuming that each tie ro~ exerts an external force on the shell directed along 
the axis of the tie rod. ,These external forces are placed at the extensional 
nodes along the longitudinal free ~dges of the hole,except at the re-entrant 
corners. Three example p~oblems are solved for three different tie rod forces. 
In one problem, the force applied to each tie rod is equal in magnitude to 
the average concentrated compressive force acting at the crown of an equivalent 
solid shell in the region of the hole (154~29 lb.). In the other two problems, 
the tie rod force is taken to be two-thirds and one-third of the compressive force 
at the crown (102.86 lb. and 51.43 lb., respectively). Radial displacements at 
-136-
-137-
the mid-section of the shell are plotted in Fig. 8-2 for these three problems. 
As is seen in this figure, when the tie rod force is equal to l02~.86 lb., the 
displacements are closely related to those of a solid shell. Figures 8-3 through 
8-7 are thus drawn only for the case when the tie rod force is two-thirds the 
magnitude of the compressive force at the crown. 
The radial deflections, Nand N forces, and M moments are plotted 
x y y 
in Figs. 8-2 through 8-7 for a solid shell, a shell containing a hole with no 
edge beams or tie rods, and a shell containing a hole reinforced only by tie rods. 
As is indicated on these graphs, the distributions and magnitudes of the 
deflections, forces and moments for a shell with tie rods are closely related to 
those of a solid shell. The stress concentration factor at the re-entrant corner 
for the shell with tie bars is only 0.67. The N force distribution at the 
x 
mid-section of the shell is nearly a straight line (Fig. 8-4). Thus the portion 
of the shell which is supported by tie rods acts much like a beam. 
Typical Tie Rod 
Sect ion A-A 
FIG. B-1 MULTIPLE-BAY SHELLS CONTAINING RECTANGULAR 
HOLES REINFORCED BY TIE RODS 
138 
<c:t 
• 0 
-
x 
.t:. 
1..1..1 
3: 
l 
....Y.. 
-
0.55538 L 
y 
x 
L = 80' 
R !::: 28.285' 
h = 0.25 1 A 
cp _. 45° A D K 
Junction 
v == 0 
load == I psf 
Force ~ 102.86 lb. 
Uniform 
Tie Rod 
T .R. = 
W.TeR. 
Shell Containing Hole with Tie Rods (102.86 lb.) 
Shell Containing Hole Without Tle Rods 
-40 
-30 
-20 
-10 
Jun t ion 
. A· 
Shell with tie rod 
force c 154.29 
Crown 
139 
x 
O~--~----~--~----~---+----+----+--~~---T----T---~Y 
T.R. (102.86) 
20 Solid Shell 
30 
40 Shell with tie 
rod force = 51.43 
50 
60 
W.T.R. 
70 
80 
FIG. B-2 RADIAL DISPLACEMENTS AT LINE x=K FOR 
\ 
MULTIPLE-BAY SHELL WITH TIE RODS 
v 
• o 
-
N 
I 
0 
-)( 
:z 
)( 
-10 
A 
0 
s. s 
10 
20 
30 
40 
50 
60 
70 
80 
... 6 
-4 
-2 
Ju 
0 
2 
8 
10 
FIG. ~~3 RADIAL DISPLACEMENTS AT LINE y=I FOR 
MULTIPLE-BAY SHELL WITH TIE RODS 
ToR. 
140 
WoT.R. 
Solid Shell 
W.T.R. 
FIG. 8-4 FORCE DISTRIBUTION, N ~ AT' LINE x=K FOR 
MULTIPLE-BAY SHELL WItH TIE RODS 
Crown 
~y 
N 
I 
0 
.-11 
><: 
>-
z 
I~ 
x 
~N x: u-
N 
..c 
-5-
... 4 
-3 
-2 
-1 
0 
1 
-12 
-10 
... 8 
-6 
-4-
-2 
JUIi 
0 
2 
4 
6 
~ 
1\ 
I " 
I ~ 
I 
I W.T.R~ 
I 
141 
/ 
/ Shell 
FIG. B-5 FORCE DISTRIBUTION, N'L'_ AT LINE x=D FOR 
MULTIPLE-BAY SHELL WI~ TIE RODS 
Crown 
Solid Shell 
FIG. B-6 BENDING MOMENTS, M ~ AT LINE x=K FOR 
MULTIPLE-BAY SHELLYWITH TIE RODS 
.. 10 
-6 
M 
0 
-
X 
N 
........ 
X GnN 
0-
U 
N 2 
..c 
4 
6 
A 
FIG. B-7 
,/ 
/ 
I 
I 
I 
I 
142 
/ w. T. R. 
Shell 
T.R. 
Crown 
BENDING MOMENTS, M , AT LINE x=D FOR 
. Y . 
MULTIPLE-BAY SHELL WITH TIE RODS 
Dec, 1965 
Distribution List for Technical Reports Issued Under 
Contract Nonr 1834 (03), Project NR-064-183 
PART I - GOVERNMENT 
Administrative & Liaison Activities 
Chief 
ATTN: 
of Naval Research 
C od e 102 ( Dr. F. 
423 
439 
468 
Department of the Navy 
Washington, D. C. 20360 
Commanding Officer 
ONR Branch Office 
495 Summer Street 
J. Weyl) 
Boston, Massachusetts 02210 
Commanding Officer 
ONR Branch Office 
219 S. Dearborn Street 
Chicago, Illinois 60604 
Commanding Officer 
ONR Branch Office 
Box 39, Navy 100 
c/o Fleet Post Office 
New York, New York 09510 
Commanding Officer 
ONR Branch Office 
207 West 24th Street 
New York, New York 10011 
r~~~~n~inn OffirAr 
VVIIIIJIUII"-A I 'I~ ,",I I ,"""'",""I 
ONR Branch Office 
1030 E. Green Street 
Pasadena, C~lifornia 91101 
Commanding Officer 
ONR Branch Office 
U.S. Post Office & Courts Bldg. 
1076 Mission Street 
San Francisco, California 94103 
U.S. Naval Research Laboratory 
Attn: Technical Information Div, 
Washington, D. C. 20390 
(2) 
(5) 
(6) 
Defense Documentation Center 
Cameron Station 
Alexandria, Virginia 22314 (20) 
Commanding Officer 
U.S. Army Research Off.-Durham 
ATTN: Mr. J. J. Murray 
CRD-AA-IP 
Box CM, Duke Station 
Durham, North Carolina 27706 
Command i ng Off i ce r 
AMXMR-ATL 
U.S. Army Materials Res. Agcy. 
Watertown, Massachusetts 02172 
Redstone Scientific Info. Center 
Chief, Document Section 
U.S. Army Missile Command 
Redstone Arsenal, Alabama 35809 
Ballistic Res. Laboratories 
ATTN: Dr. A. S. Elder 
Aberdeen Proving Ground 
Aberdeen, Maryland 21005 
Ballistic Res. Laboratories 
ATTN: Mr. H. P. Gay 
AMXBR-ID 
Aberdeen Proving Ground 
Aberdeen, Maryland 21005 
Technical Library 
Aberdeen Proving Ground 
Aberdeen, Maryland 21005 
AMSMI-RKP 
ATTN: Mr. T. H. Duerr 
Redstone Arsenal, Alabama 35809 
Commanding Officer and Director 
ATTN: Code 042 (C en t. Lib. B r ~) 
050 
700 (Struc. Mech. Lab.) 
720 
725 
740 (Mr. W. J. Sette) 
901 (Or. M. Strassberg) 
941 (Dr. R. Liebowitz) 
945 (Mr. A. O. Sykes) 
960 (Mr. E. F. Noonan) 
962 (Dr. E. Buchmann) 
David Taylor Model Basin 
Washington, D. C. 20007 
Undersea Explosion Res. Div. 
ATTN: Mr. D. S. Cohen 
Code 780 
David Taylor MQdel Basin 
Norfolk Naval Shipyard 
Portsmouth, Virginia 23709 
Commanding Officer & Director 
Code 257, Library 
U.S. Navy Marine Engr. Lab. 
Annapolis, Maryland 21402 
Commander 
Techni~al Library 
U.S. Naval Ordnance Test Station 
Pasadena Annex 
3202 E. Foothill Blvd. 
Pasadena, C~lifornia 91107 
U.S. Naval Ordnance Test Station 
ATTN: Dr. Arnold Adicoff 
Code 5056 
China Lake, California 93557 
Commander 
U.S. Naval Ordnance Test Station 
Mechanical' Engineering Division 
Code 556 
China Lake, California 93557 
Commanding Officer & Director 
U.s. Naval Civil Engr. Lab. 
Code L31 ' 
Port Hueneme, California 93041 
Shipyard Technical Library 
Code 242L 
Portsmouth Naval Shipyard 
Portsmouth, New Hampshire 
Mr. Ernest A. Hagge 
Head, Scientific Support Div. 
U.S. Navy Mine Defense Laboratory 
Panama City, Florida 32402 
U.S. Naval Electronics Laboratory 
ATTN: Dr. R. J. Christensen 
San Diego, California 92152 
U.S. Naval Ord'~ance Laboratory 
Mechanics Division 
RFD 1, White Oak 
Silver Spring, Maryland 20910 
U.S. Naval Ordnance Laboratory 
ATTN: Mr. H. A. Per ry, Jr. 
Non-Metallic Materials Division 
Silver Spring, Maryland 20910 
Supervisor of Shipbuilding 
U.S. Navy 
Newport News, Virginia 23607 
Shipyard Technical Library 
Building 746, Code 303TL 
Mare Island Naval Shipyard 
Vallejo, California 94592 
Director 
U.S. Navy Underwater Sound Ref. Lab. 
Office .of Naval Resear~h 
P. O. Box 8337 
Orlando, Florida 32806 
Technical Library 
U.S~ Naval Propellant Plant 
Indian Head, Maryland 20640 
U.S. Naval Propellant Plant 
ATTN: Dr. J. G. Juono 
Research & Development Division 
Indian Head, Maryland 20640 
2 
NClVY (conti d) 
Chief of Naval Operations 
ATTN: Code Op-03EG 
Op-07T 
Department of the Navy 
Washington, D. C. 20350 
Director, Special Projects 
ATTN: Sp-OOI 
43 
2731 
Department of the Navy 
Washington, D. C. 20360 
Executive Secretary PLRRD 
Special Projects Office (Sp-OOllO) 
Department of the Navy 
Washington, D. C. 20360 
UtS. Naval Applied Science Lab. 
C,ode 9832 
Technical Library 
Building 291, Naval Base 
Brooklyn~ New York 11251 
Director 
Aeronautical Materials Lab. 
Naval Air Engineering Center 
Naval Base 
Philadelphia, Pennsylvania 19112 
Dir~ctor 
Aeronautical Structures Lab. 
Naval Air Engineering Center 
Naval Base 
Philadelphia, Pennsylvania 19112 
Director 
ATTN: Code 5360 
5500 
6200 
6210 
6250 
6260 
Technical Library 
Kav~l Research Laboratory 
Washington, D. C. 20390 
Ch i'ef, 
ATTN: 
Bureau of Naval Weapons 
Code DLI-3 
R-12 
RAAD-2 
RAAD-24 (Mr. E. M. Ryan) 
RM 
3 
RMMP-2 
RMMP-ll (Mr. I. Silver) 
RMMP-22 (Mr. J. C. Ardinger) 
RR 
RRRE 
RRRE-61 (Mr. W. J. Marciniak) 
RU 
Department of the Navy 
Washington, D. C. 20360 
Chief, 
ATTN: 
Bureau of Ships 
Code 210-L 
305 
345 
421 
423 
430 
440 
442 
443 
1500 
Department of the Navy 
Washington, D. C. 20360 
Commander 
U.S. Naval Weapons Laboratory 
Dahlgren, Virginia 22448 
Bureau of Yards & Docks Tech. Lib. 
Yards & Docks Annex 
Department of the Navy 
Washington, D. C. 20390 
Air Force 
Commander, WADD 
ATTN: Code WWRMDD 
AFFDL (FDDS) 
Structures Division 
AFLC ( MCEEA) 
Code WWRMDS 
AFFDL (FDT) 
Code (WWRC 
AFML (MAAM) 
Code WCLSY 
SEG (SEFSD, Mr. Larkin) 
Wright-Patterson Air Force Base 
Dayton, Ohio 45433 
Commander 
Ch i ef, Appli ed: .t-iechan i cs Group 
U.S. Air Force Inst. of Tech. 
Wright-Patterson Air Force Base 
Dayton, Ohio 45433 
Air Force (cont'd) 
Chief, Civil Engineering Branch 
WLRC, Research Division 
Air Force Weapons Laboratory 
Kirtland AFB, New Mexico 87117 
Commander 
AFRPL (RPMC1Dr. F. N. Kelley) 
Edwards AFB, California 93523 
Commander 
ATTN; Mr. A. L. Skinner, OOMQQC 
Hill AFB, Utah 84401 
Commander 
Mechanics Division 
Air Force Office of Scien. Res. 
Washington, D. C. 20333 
NASA 
Structures Research Division 
ATTN: Mr. R. R. Heldenfels, Chief 
National Aeronautics & Space Admin. 
Langley Research Center 
Langley Station 
Hampton, Virginia 23365 
National Aeronautics & Space Admin. 
Code RV-2 
Washington, D. C. 20546 
National Aeronautics & Space Admin. 
Associate Administrator for 
Advanced Research & Technology 
Washington, D. C. 20546 
Scientific & Tech. Info. Facility 
NASA Representative (S-AK/DL) 
P. O. Box 5700 
Bethesda, Maryland 20014 
Other Government Activities 
Commondant 
Chief, Testing & Development Div. 
U.S. Coast Guard 
1300 E Street, N.W. 
Washington, D. C. 20226 
Director 
Marine Corps Landing Force Devel. 
Center 
Marine Corps Schools. 
Quantico, Virginia 22134 
Director 
ATTN: Mf~ B. L.Wilson 
Natiohal Bureau of Standards 
Washington, D. C. 20234 
National Science Foundation 
Engineering Division 
1951 Constitution Avenue, N.W. 
Washington, D. C. 20550 
Science & Tech. Division 
Library of Congress 
Washington, D. C. 20540 
Director 
STBS 
Defense Atomic Support Agency 
Washington, D. C. 20301 
Commander Field CO~lmand 
Defense Atomic Support Agency 
Sandia Base 
Albuquerque, New Mexico 87115 
Chief, Defense Atomic Support Agcy. 
Blast & Shock Division 
The Pentagon 
Washington, D. C. 20301 
Director Defense Research & Engr. 
Technical Library Room 3C-128 
The Pentagon 
Washington, D. C. 20301 
Chief, Airframe & Equipment Branch 
FS-120 
Office of Flight Standards 
Federal Aviation Agency 
Washington, D. C. 20553 
Chief, Division of Ship Design 
Maritime Administration 
Washington, D. C. 20235 
Deputy Chief~ Office of Ship Constr. 
ATTN: Mr. U. L. Russo 
Maritime Administration 
Washington~ D. C. 20235 
Executive Secretary 
Committee on Undersea Warfare 
National Academy of Science 
2101 Constitution Avenue 
Washington, D. C. 20418 
4 
Other Government Activities (cont'd) 
Ship Hull Research Committee 
ATTN: Mr. A. R. Lytle 
National Research Council 
National Academy of Sciences 
2101 Constitution Avenue 
Washington, D. C. 20418 
PART II - CONTRACTORS AND OTHER 
TECHNICAL COLLABORATORS 
Universities 
Dr. D. C. Drucker 
Division of Engineering 
Brown University 
Providence, Rhode Island 02912 
Prof. M. E. Gurtin 
Brown University 
Providence, Rhode Island 02912 
Prof. R. S. Rivlin 
Div. of Applied Mathematics 
Brown University 
Providence, Rhode Island 02912 
Prof. P. J. Blatz 
Materials Science Department 
California Institute of Tech. 
Pasadena, California 91109 
Prof. Julius Miklowitz 
Div. of Engr. & Applied Sciences 
California Institute of Tech. 
Pasadena, California 91109 
Solid Propellant Library 
Firestone Flight Science Lab. 
California Institute of Tech. 
Pasadena, California 91109 
Prof. Eli Sternberg 
Div. of Engr. & Applied Sciences 
California Institute of Tech. 
Pasadena, California 91109 
Prof. Paul M. Naghdi 
Div. of Applied Mechanics 
Etcheverry Hall 
University of California 
Berkeley, California 94720 
Prof. J. Baltrukonis 
Mechanics Division 
The Catholic Univ. of America 
Washington, D. C. 20017 
Prof. A. J. Durelli 
Mechanics Division 
The Catholic Univ. of America 
Washington, D. C. 20017 
Prof. H. H. Bleich 
Department of Civil Engineering 
Columbia University 
Amsterdam & 120th Street 
New York, New York 10027 
Prof. R. D. Mindl in 
Dept. of Civil Engineering 
Columbia University 
S. W. Mudd Building 
New York, New York 10027 
Prof. B. A. Boley 
Dept. of Civil Engineering 
Columbia University 
Amsterdam & 120th Street 
New York, New York 10027 
Prof. F. L. MiMaggio 
Dept. of Civil Engineering 
Columbia University 
616 Mudd Building 
New York, New York 10027 
Prof. A. M. Freudenthal 
Dept. of Civil Eng. & Eng~ Mech. 
Columbia University 
New York 10027 
Prof. William A. Nash 
Dept. of Eng. Mechanics 
University of Florida 
Gainesville, Florida 32603 
Prof. B. Budiansky 
Div. of Eng. & Applied Physics 
Pierce Hall 
Harvard University 
Cambridge, Massachusetts 02138 
5 
Universities (cont'd) 
Prof. P. G. Hodge 
Department of Mechanics 
Illinois Institute of Technology 
Chicago, Illinois 60616 
Prof. H. T. Corten 
University of Illinois 
Urbana, Illinois 61801 
Prof. W. J. Hall 
Department of Civil Engr. 
University of Illinois 
Urbana, Illinois 61801 
Prof. N. M. Newmark 
Department of Civil Engr. 
University of Illinois 
Urbana, Illinois 61801 
Dr. W. H. Avery 
Applied Physics Laboratory 
John~ Hopkins University 
8621 Georgia Avenue 
Silver Spring, Maryland 20910 
Prof. J. B. Tiedemann 
Dept. of Aero. Engr. & Arch. 
University of Kansas 
Lawrence, Kansas 66045 
Prof. S. Taira 
Dept. of Engineering 
Kyoto University 
Kyoto, Japan 
Prof. George Sih 
Department of Mechanics 
Lehigh University 
Bethlehem, Pennsylvania 18015 
Prof. E. Reissner 
Dept. of Mathematics 
Mass. Inst. of Technology 
Cambridge, Massachusetts 02139 
Prof. Jame Mar 
Dept. of Aeronautics & Astronautics 
Massachusetts Institute of Technology 
Cambridge,:Massa~hus~tts 02139 
Library (Code 0384) 
U.S. Naval Postgraduate School 
Monterey, California 93940 
Dr. Joseph Marin 
Prof. of Materials Science 
Dept. of Materials Sc. & Chem. 
U.S. Naval Postgraduate School 
Monterey, California 93940 
Prof. E. L. Reiss 
Courant Inst. of Math. Sciences 
New York University 
4 Washington Place 
New York, New York 10003 
Dr. Francis Cozzarelli 
Div. of Interdisciplinary 
Studies and Research 
School of Engineering 
State Univ. of N.Y. at Buffalo 
Buffalo, New York 14214 
Dr. George Herrmann 
The Technological Institute 
Northwestern University 
Evanston, Illinois 60201 
Director, Ordnance Research Lab. 
The Pennsylvania State Univ. 
P. O. Box 30 
State College, Pennsylvania 16801 
Prof. Eugen J. Skudrzyk 
Department of Physics 
Ordnance Research Lab. 
Pennsylvania State University 
P. O. Box 30 
State College, Pennsylvania 16801 
Dr. Y. Weitsman 
Engr. Mech. Dept. 
The Pennsylvania State Univ. 
105 Hammond Building 
University Park, Pennsylvania 16802 
Dean Oscar Baguio 
Gollege of Engineering 
University of Phi11ppines 
Quezon City, Philippines 
6 
Universities (cont1d) 
Prof,. J. Kempner 
Dept. of Aero. Eng. & Applied Mech. 
Polytechnic Institute of Brooklyn 
333 Jay Street 
Brooklyn, New York 11201 
Prof. J. Klosner 
Polytechnic Institute of Brooklyn 
333 Jay Street 
Brooklyn, New York 11201 
Prof. F. R. Eirich 
Polytechnic Institute of Brooklyn 
333 Jay Street 
Brooklyn, New York 11201 
Prof. A. C. Eringen 
School of Aero., Astro. & Eng. Sc. 
Purdue University 
Lafayette, Indiana 47907 
Dr. S. L. Koh 
School of Aero., Astro. & Eng. Sc. 
Purdue University 
Lafayette, Indiana 47907 
Prof. D. Schapery 
Purdue University 
Lafayette, Indiana 47907 
Prof. E. H. Lee 
Div. of Eng. Mechanics 
Stanford University 
Stanford, California 94305 
Dr. Nicholas J~ Hoff 
Dept. of Aero. & Astro. 
Stanford University ,_: 
Stanford, California 94305 
Prof. J. N. Goodier 
Div. of Eng. Mechanics 
Stanford University 
Stanford, California 94305 
Prof. Markus Reiner 
Technion R&D Foundation, Ltd. 
Haifa, Israel 
Prof. Tsuyoshi Hay~shi 
Dept. of AeronaDti~s 
Faculty of Enginee~ing 
University of Toky~ 
KUNKYO-KU 
TOKYO, ,Japan 
I 
Pro f. J. E dm 0 n d F i it z g era 1 d 
Chai rman, Dept. of! C ivi 1 Eng. 
University of Utah 
Salt Lake City, U~ah 84112 
Prof. R. J. H. Bolilard 
Chairman, Aero. E~g. Dept. 
207 Guggenheim Hal;l 
University of Was~ington 
Seattle, Washihgtdn 98105 
Prof. Albert S. K~bayashi 
Dept. of Mechanic~l Eng. 
University of Was~ington . 
Seattle, Washingt~n 98105 
Officer-in-Charge 
Post Graduate Sch~ol for Naval Off. 
Webb Institute of Naval Arch. 
Crescent Beach Ro~d, Glen Cove 
Long Island, New ~ork 11542 
Industry and Research Institutes 
! 
Mr. K. W. Bills, J,r . 
. D e p t ::, 4722, BId g.r 0525 
Aerojet-General C~rporation 
P. O. Box 1947 ' 
Sacramento, Califqrnia 95809 
Dr. James H. Wieg~nd 
Senior Dept. 4720,! Bldg. 0525 
Ball i s tic s & Me c h.1 P rope r tie s La b . 
Aerojet-General Cqrporation 
Sacramento, Califqrnia 95809 
Dr. John Z ickel 
Dept. 4650, Bldg. 10227 
Aerojet-General Corporation 
P.O. Box 1'947 I 
Sacramento, ,Cal ifdrnia 95809 
7 
Industry and Research Institutes (cont1d) 
Mr. J. S. Wise 
Aerospace Corporation 
P. O. Box 1308 
San Bernardino, California 92402 
Dr. Vito Salerno 
Applied Tech. Assoc., Inc. 
29 Church Street 
Ramsey, New Jersey 07446 
Library Services Department 
Report Section, Bldg. 14;'14 
Argonne National Laboratory 
9700 South Cass Avenue 
Argonne, lilinois 
Dr. E. M. Kerwin 
Bolt, Beranek, & Newman, Inc. 
50 Moulton Street 
Cambridge, Massachusetts 02138 
Dr. M. C. Junge r 
Cambridge Acoustical Assoc. 
129 Mount Auburn Street 
Cambridge, Massachusetts 021~8 
Dr. F. R. Schwarzl 
Central Laboratory T.N.O. 
134 Julianalaan 
Delft, Holland 
Mr. Ronald D. Brown 
Applied Physlcs Laboratory 
Chemical Propuls~on Agency 
8621 Georgia Avenue 
Silver Spring, Maryland 20910 
Research and Development 
Electric .Boat Division 
General Dynamics Corporation 
Groton, Connecticut 06340 
Mr. Ross H. Petty 
Technical Librarian 
Allegany Ballistics Lab. 
Hercules Powder Company 
P. O. Box 210 
Cumberland, Maryland 21501 
Dr. H. Thacher 
Allegany Ballistic~ Lab. 
Hercules Powder Co~pany 
Cumberland, Maryland 21501 
Dr. Joshua E. Greerspon 
J. G. Eng. Researcr Associates 
3831 Menlo Drive ; 
Baltimore, Marylanp 21215 
Mr. R. F. La nde 1 . 
Jet Propulsion Lab~ 
4800 Oak Grove Drive 
Pasadena, Californ~a 91103 
Mr. G. Lew is 
Jet Propulsion Labbratory 
4800 Oak Grove Drive 
Pas a den a, Cal i for n Ii a 91103 
Dr. G. R. Makepeac~ 
Director, Researchi& Engineering 
Lockheed Propulsior Co. 
P.O. Box III 
Redlands, Cal ifornlia 92374 
Library 
Newport News Shipb~ilding & 
Dry Dock Company 
Newport News, Vi rgli n i a 23607 
Mr. E. A. Alexande~ 
Rocketdyne Divisioh 
North American Avi~tion, Inc. 
I 6633 Canoga Avenue l 
Canoga Park, Califprnia 91304 
Res ear c h De pt. ( 9911 ) 
Mr. Cezar P. Nug i di 
Deputy Commissioner 
Phil ippine Atomic Energy Commission 
Manila, Phil ippine~ 
Dr. T. C. Fan 
The Rand Corporation 
1700 Ma inS tree t • 
Santa Monica, California 90406 
8 
Ihdustry and Research Institutes (cont1d) 
Mr. S. C. Britton 
Solid Rocket Division 
Rocketdyne 
P. O. Box 548 
McGregor, Texas 76657 
Dr. A. J. I gna tows k i 
Redstone Arsenal Res. Div. 
Rohm & Haas Company 
Huntsville, Alabama 35807 
Dr. M. L. Merritt 
Division 5412 
Sandia Corporation 
Sandia Base 
Albuquerque, New Mexico 87115 
Director Ship Research Institute 
Ministry of Transportation 
700, SHINKAWA 
M i taka 
Tokyo, Japan 
Dr. H. N. Abramson 
Southwest Research Institute 
8500 Culebra Road 
San Antonio, Texas 78206 
Dr< R. C. DeHart 
Southwest Research Institute 
8500 Culebra Road 
San An ton i 0,. Texas 78206 
Dr. Thor Sm i th 
Stanford Research Institute 
Menlo Park, California 94025 
Dr. M. L. Ba ron 
Paul Weidlinger, Consulting Engr. 
777 Third Avenue - 22nd Floor 
New York, New York 10017 
Supervisor of Shipbuilding, USN, and 
N a val Ins p. 0 fOr dna n ce 
Electric Boat Division 
General Dynamics Corporation 
Groton, Connecticut 06340 
Dr. L. H. Chen 
Basic Engineering 
Electric Boat Division 
General Dynamics Corporation 
Groton, Connecticut 06340 
9 
Secmi ty Classification 
DOCUMENT CONTROL DATA - R&D 
(Security cIsltsii.ication 01 tit1e, body 01 abstract and indexinll annotation mu~t be entered when the overall report is classified) 
1. ORIGINATIN G ACTIVITY (Corpo'rate author) 2a. REPORT SECURI TV C LASSI FICA TION 
University of Illinois, Department of Civil 
Engineering, Urbana» Illino~s 
UNCLASSIFIED 
2b, GROUP 
3, REPO~T TITLE 
ANALYSIS OF CIRCULAR CYLINDRICAL SHELLS CONTAINING RECTANGULAR OPENINGS 
WITH STIFFENED EDGES 
4. [)ESCRIPTIVE NOTES (Type of report and inclusive datu) 
Report 
5. AUTHOR(S) (Last name, fill'St name, initial) 
P8nckert~ Ro E. and Schnobrich, W. CG 
6. HEPO RT DA\TE 
June 1966 
aa. CONTRACT OR GRANT NO. Nonr= 1834(03) 
NR",,064-183 b. PROJECT NO. 
7~. ToOTAL.. :--,,10. OF PASe:S I, b. NO. OF !"Hi':F!! 21 142 
9a. ORIGINATOR'S REPORT NUMSER(S) 
eival Engineerong Studoes~ Structural 
Research Ser~es No o J08 
c. 9b. OTHER FlEPORT NO(S) (Any other numbers that may be assilttned 
thIs report) 
d. None 
10. A V A IL ABILITY /LIMITATION NOTICES 
UDISTR~BUT~ON Of' TH~S DOCUMENT ~S UNl~MITEDI9 
DDC release to OTS is authorized. 
, 
11. SUPPL EMENTARY NOTES 
13. ABSTRACT 
12. SPONSORING MILITARY ACTIVITY 
Office of Naval Rese@rch» Structural 
Mechanics Branch~ Navy Department 9 
Washongton 25» DoC. 
. In this study» a discrete element physical analogue model 8~ developed for the 
analysis of elastic cylindrical' shells containing rectangular openongs o Reonforc"" 
Dng edge beams about the perimeters of the openings are consodered.. The model is a 
rectangular framework of weightless rigid bars connected by deformable node~8 Solu= 
tions are found for this network which approxomates the shell continuum.. The phYS8"" 
cal properties of the replaced shell are considered concentrated at the nodesu 
The displacements U9 v and w of the shell in the long~tudinal~ tran$verse and 
radial dBrect6ons~ respectively; are defsned at the junctnons of the rognd ~arso 
Expres$oons for the membrane forces and bending moments on the shell are given on 
terms of the displacements. Usong the principle of virtual work~ equilobruum 
equations are developed at each node point on terms of the unknown dnsplacements. 
The'resulting set of lanear simultaneous equations is solved for these dU$placeco 
ments o Forces and moments in the shell can then be obtained from the force=di'splacec 
ment relat ions. ' 
The edge beams which stiffen the shell'at the openings are symmetracal nn refer= 
enc~ to the middle surface of the shello Edge beam internal torsion» bend~ng 
moments£' and axial forces are taken into account in· the equilibrijum equatoon$t> 
Numerical results are presented for representat8ve shell problem$ nn whoch the 
size and type of the shell, demensions of the holeSili} stnffnesses of the edge beam~~ 
and types of loading ~revar[ed6 . 
DO . 1473 fORM 1 JAN 64 UNClASSIFJIED . 
. Security Classification 
14, 
UNCLASSIFIED ~--~ 
Security Classification 
KEY WORDS 
Cylindrical shells 
Numerical analysis 
Open8ng~ 
Edge be@Jm~ 
LINK A 
ROLE 
LINK B LINK C 
WT ROL.E WT ROLE WT 
INSTRUCTIONS 
1. ORIGINATING ACTIVITY: Enter the name and address 
of the contractor, Bubcontractor, grantee, Department of De-
fense activit y or other organization (corporate author) iSSUing 
the report. . 
2a. REPORT SECURITY CLASSIFICATION: Enter the over--
all security classification of the report. Indicate wnether 
"Restricted Data" is included. : Marking is to be in accord-
ance with appropriate security regulations. 
2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200.10 and Armed Forces Industrial Manual. Enter 
the group number. : Also, when applicable, show that optionai 
markings have been used for Group 3 and Grcmp 4 'as author-
ized. 
3. REPORT TITLE: Enter the complete report title in all 
capital1etters. Titles in all cases should be unclassified. 
If a meaningful title cannot be selected without classifica-
tion, snow title classification in all capitals in parenthesis 
immediately follOWing the title. 
4. DESCRIPTIVE NOTES: If appropriate, enter the type of 
report, e. g., interim, progress, summary, annual, or final. 
Give the inclusive dates when a specific reporting period is 
covered. 
5. AUT HOR(S): Enter the name(s) of author(s) as shown on 
or in the report. Entel' last name, first name, middle initial. 
If ::r.ilitary, show rank .and branch of service. The name of 
the principal author is an absolute minimum requirement. 
6. REPORT DATE: Enter the date of the report as day, 
month, year; or month, year. If more than orie date appears 
on the report, use date of publication. 
7a. TOTAL NUMBER OF PAGES: The total page count 
should follow normal pagination procedures, 1. e.,. enter the 
number of pages containing information. 
7b. NUMBER OF REFERENCES: Enter the total number of 
references cited in the report. 
8a. CONTRACT OR GRANT NUMBER: If appropriate, enter 
the applicable number of the contract or grant under which 
the report was written. 
8b, Sc, & Sd. PROJECT NUMBER: Enter the appropriate 
military department identification, such as project number, 
subprojecf number, system numbers, task number, etc. 
9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
ciat" report number by which the document will be identified 
and controlled by the originating activity. This number must 
be unique to this report. 
9b. OTHER REPORT NUMBER(S): If the report hall been 
assigned any other report numbers (either by the oriSinator 
or by the sponsor), also enter this number{s). 
, 10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-
:itations on further dissemination of the report, other than:· those 
DO FORM t JAN 64 1473 (BACK) 
imposed by security classification, using standard statements 
such as: 
(1) "Qualified requesters may obtain copies of this 
report from DDe II 
(2) "Foreign announcement and dissemination of this 
report by DDC is ~ot authorized." 
(3) .,U. S. Government agencies may obtain copies of 
this report directly from DDC •. Other qualified DDC 
users shall request through 
(4) 14U. S. military agencies may obtain copies of this 
report directly from DDC. . Other qualified users 
shall request through 
" 
(5) 14 All distribution of this report is controlled. Quala 
Hied DDC users shall request through 
---------------------------------------=~" If the report has beep furnished to the Office of Technical 
Services, Department of Commerce, 'for sale to the public, indi-
cate tl'illl fact and enter the price, if known. 
U. SUPPLEMENTARY NOTES: Use for additional ex:plana~ 
tC?fY notes. 
12. SPONSORING MILITARY ACTIVITY: Enter the name of 
the departmental project office or labol'l.uory sponsoring (paY'" 
in4Z for) the research and development. Include address. 
13. ABSTRACT: Enter an abstract giving a brief and· factual 
summary of the document indicative of the report, even though 
it may also appear elsewhere in the body of ~he technical re-
port.· If additional space is required, &: continuation sheet shall • 
be attached. 
It is highly desirable. that the abstract of classified reports 
be unclassified. Each paragraph of the abstract shall end with 
an indication of the military security classification of the in-
formation in the paragraph, represented as (TS), (S), (e), or (U), 
There is no limitation on the length of the abstract. How~ 
ever, the suggested length is from 150 to 225' words. . 
14. KEY WORDS: Key words are technically meaningful terms 
or short phrases that characterize a report and may be used as 
index· entries .,for cataloging the report. Key words must be 
selected 110 that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military 
project code name, geographic location, may be used as key 
words but will be followed by an indication of technical con-
text. The assignment of links, rales, and weights is optional, 
UNCLASSIfIED 
Security, Classification 
